DEFAULT SPREADS IN THE FIXED
AND IN THE FLOATING INTEREST
RATE MARKETS:

A CONTINGENT CLAIMS APPROACH
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I. INTRODUCTION

Bonds issued by corporations are subject to default risk. Sometimes
borrowers fail to make a scheduled payment of either interest or principal
on the debt. Returns promised to corporate bondholders are, therefore,
not certain as they are in the case of returns on treasury securities. The
difference must be reflected on the low price investors are prepared to pay
for a corporate bond relative to a government bond with comparable
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features. The magnitude of the discount is a function of the probability of
default during the life of the bond, of the contractual provisions protecting
the interests of the debt claimants, and of the market prices required for
equivalent issues.

Corporations have the choice to borrow at a fixed rate or at a rate that
varies over time with the level of short-term interest rates. As Cornell [3]
argued, this choice should reflect the firm’s operating exposure L0 unexpec-
ted changes in the rate of inflation. For companies whose operating cash
flow is positively correlated with inflation, floating rate debt provides a
long-term hedge against inflation risk. In periods of rising inflation, higher
interest payments are matched with higher cash flows. The real costs of
floating rate financing are relatively fixed and help to reduce the variability
of the cash flow to equity for such a business. By contrast, companies whose
operating profits do not keep pace with unanticipated inflation could
eliminate interest rate risk by fixing the amount of interest payments on the
debt.

Rational investors perceive the firm’s exposure to inflation risk and the
associated problem of finding an optimal debt structure. For this reason
natural floating rate borrowers get relatively better terms in that market,
while natural fixed rate borrowers get relatively better rates in the fixed
interest rate market. Therefore, for any two firms, investors in each market
may demand premiums that reflect the risks of default on the different types
of debt. If these risks vary with each firm across markets, in equilibrium the
relative spreads should differ in different debt markets. Though this
conclusion seems to be confirmed by the facts, different yield spreads in the
fixed and in the floating interest rate markets are usually described as
market anomalies. Behind this view lies the notion that the differentials
should be the same since they are the price of the same thing: the difference
in the quality of the two borrowers. Since they are not the same, an
opportunity for arbitrage is presented. Indeed, many believe that this
difference in spreads is the principal reason for the growth of interest rate
swaps (see Bicksler and Chen [2] and Lipsky and Elhalaski [6]). Yet, vears
after the opening of the swaps market and a value of hundreds of billions of
dollars in transactions, yield differentials still persist.

In this study we use option pricing theory for valuing securities (see Black
and Scholes [1]) and measure yield spreads in the fixed interest rate market
and in the floating interest rate marker. We follow the traditional approach
to modeling default risk as developed by Merton [8] and extend it to the
case of floating rate debt, relying on a method that values options to
exchange one risky asset for another (see Margrabe [7]). We wish to see
whether arbitrage pricing models of corporate debt are consistent with
differentials in the yield spreads when borrowers have differing credit risk.
In doing the analysis we assume capital markets are perfect. This is because
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the “equal yield spreads™ view reasons that arbitrage opportunities are the
result of institutional constraints and other distortions that render markets
imperfect.! If spread “anomalies” of the size that drive swap transactions
can be generated in perfect markets, this throws some doubt on the motive
for swaps.

The plan of the paper is as follows: In Section II the Merton [8] model
for computing the risk structure of interest rates is applied to measure the
credit differentials on corporate debt with fixed payouts. In Section III, we
develop a similar framework to measure the credit differentials on cor-
porate debt with floating payouts. In Section IV we extend the analysis to
risky coupon bonds and compare the spread due to credit differences in the
fixed rate market and in the floating rate market. Section V contains some
concluding comments.

II. DEFAULT SPREAD ON RISKY DISCOUNT BONDS:
THE FIXED RATE CASE

In this section we follow the work on pricing risky debt presented by Merton
[8]. The following assumptions are considered:

Al. Capital markets are perfect: There are no transaction costs or taxes.
Information is costless and market participants are price takers. There are
no limits on short sales,

A2. There exists a riskless asset paying a known and constant interest
rater.

A3, Trading in all assets takes place continuously.

A4. The dynamic behavior of the value of the firm is independent of its
capital structure and of the probability of default. There are no bankruptcy
costs or claim dilution.

AS5. The value of the firm follows a diffusion process with instantaneous
variance proportional to the square root of the value.

Under these assumptions the basic valuation equation for any security is
1/26*VEn + [Vr = C(V, OIf, —fr+C"(V,0) = — (1)

where f is the generic label for any of the firm’s securities. V is the value of
the firm, o is the instantaneous variance of the return on the firm, t denotes
time, C(V, t) is the net total dollar payout made by the firm per unit time,
and C'(V,t) is the payvout per unit time promised by security f. Suppose the
firm has outstanding only equity and a bond that pays no coupons until
maturity T. At this time, bondholders receive a promised final payment of F
or they take over the assets leaving nothing to shareholders. So at time T,
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the bond will have the value min(V, F), and at any time t < T its value will
be greater than zero and less than V. The relevant form of the valuation
Equation (1) for this discount bond, B, is

1/26°V By, + VrB, — Br= - B, (2)
with boundary condition
B(V, T) = min(V, F).

To solve (2) subject to the maturity condition above we recall that with
limited liability the equity of the firm is identical to a European call option
with an exercise price at T equal to the amount promised to bondholders, F.
Then

B(V, 7) =V — [VN(h;) — Fe” "N(hz)] (3)

where r=T —t. Following Merton [8] we can rewrite (3) by defining
d=Fe™"¥,

B(V, 7) = Fe™"[N(hz) + N(—h,)/d] (4)
where the upper limits of integration take values, respectively, of
—hy = [log(d) - 1/2e%7]/o7
hz = — [log(d) + 1/20*7]/a /7.

The premium demanded by investors aware of the possibility that the firm
might default on its obligations can be derived from the promised yield on
the bond, R(r) = —log[B(V, r)/Fl/r. Then the default premium over and
above the vield on a riskless discount bond with the same maturity is

R(r) —r= —log[N(h:) + N(—hy)/d][r (5)

provided that the firm does not default, R(t) is the return to bondholders.
The risk premium required by investors is a function of two factors, in
addition to the maturity of the bond: (1) the variance of the returns on the
firm as a proxy for the earnings variability, and (2) the level of financial
leverage represented by the ratic of the present value of the final payment
promised to bondholders, discounted to the riskless rate of interest, to the
current value of the firm.?

Consider now the case of two corporations each promising to pay the
same amount at maturity. The two firms are in different risk “classes,” with
firm 2 riskier than firm 1, in the sense that it has either a higher variance of
returns, a higher quasi-debt-to-firm value ratio, or a higher value for both
of these variables. When both firms issue bonds promising a fixed amount F
at maturity, the vield for the bond issued by firm i is

Ri(r) = —log[Bi(V;, 7){F]/r (6)

and the relative spread on these two bonds represents the compensation for
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different probability of default. We write this spread as
Bf(r) = Ra(7) = Ru(7) (7
and taking (6) and (7) together we have
Bf(r) = —log[Ba(Vz, 7)[B1(V1, 7)][7. (8)

Using (4) in (&) we can write the spread due to credit differences of the two
firms issuing fixed-rate debt as

(9

Biri= = L iog

T

[N{hzz) + N(—hiz){dz
Mthz) + N{—h“]fd;

where hy; denotes the upper limit of integration k in the case of firm j. Note
that the value of the spread when both firms promised to pay an equal fixed
amount at maturity, F, depends only upon the relative values of o and d.

Defining s to be equal to the expression inside the brackets in (9), we can
obtain comparative statics results of the spread by taking the derivative of s
with respect to the relevant parameters and knowing that 3¢ is a decreasing
function of s.

So = d2epi N’ (hz;) 7 > 0, and 8f,, <0 (10a)
So; = — 1 'N'(ha2)J7 < 0, and f8f, >0 (10b)
sa, = ¢2gpi "N(—hy;)/di > 0, and Bfy, <0 (10c)
sa; = — 61 '"N(—hp2)/d} < 0, and fGfs, > 0 (10d)

where o= N(hz)+ N(—hu)/di and N'(hy;) denotes the standardized
normal density function at hyj. These results state that the default risk
spread for fixed discount bonds increases if the volatility of the returns or
the guasi-debt to value of the riskier firm (firm 2) increase, and falls if the
volatility of the returns or the quasi-debt to value of the less risky firm (firm
1) increase. The intuition of these results is immediate,

This can be seen in Figures 1 and 2 plotting the spread for different values
of the ratio of the firms’ volatilities, a2/, The value of the spread increases
as firm 2 becomes riskier relative to firm 1 and for the same value of the
ratio of volatilities, the spread decreases as both firms become less risky (d;
and/or a; decrease). Figure 3 shows how the value of the spread changes
with the maturity of the debt. Making d; = d: and both equal to 0.4, one
can see that for shorter marurities the spread widens with an increase in the
maturity of the debt, while it declines for longer maturity values. This effect
is clearly more pronounced for cases when the ratio o:/o, is higher. In
summary, the sign of the partial derivatives of the value of the default yield
spread for discount bonds paying a fixed amount at maturity is

- + = + 0+/-
|'3f=_|3ﬂ:d],, d11 s 02, Ty T.}- (] 1)
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Figure 1. Fixed interest rate spread and firms’ volatilities. Both firms have same quasi-debt-to-firm value
ratio (d = 0.4); g = Koy, K€ [1.0,2.5], and o, = 0.20. Debt maturity is 5 years. R = 0.10.
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IlI. DEFAULT SPREAD ON RISKY DISCOUNT BONDS:
THE FLOATING RATE CASE

One thing that limits the application of Mertor’s work to the case of
floating rate notes is the assumption that no uncertainty results from shifts
in the term structure of interest rates. If a deterministic term structure is
assumed, the payout associated with a floating rate note will become known
and this tvpe of debt will be essentially indistinguishable from fixed rate
debt. To overcome this difficulty in the pricing of floaters, several authors
have suggested alternative ways of modeling interest rate uncertainty (see
Cox, Ingersoll, and Ross [4] and Ramaswamy and Sundaresan [9]). In our
case, a different problem occurs, since at this stage, we assume no
intermediate payments of any kind. The distinction between fixed rate debt
and floating rate debt, when no coupons are assumed, is made possible only
through the amount promised at maturity. In the fixed rate case this amount
is known with certainty, whereas in the floating rate case it is unknown and
random. As a result, the value of the floater is a function of the value of the
firm, as in the fixed rate case, but also of the value of the random final
payment, in addition to time. Therefore, we need to make another
assumption:

A6, The dynamics of the value of the riskless principal amount, X, to be
paid at maturity to the holder of the floating rate bond are described by a
diffusion type stochastic process with instantaneous variance proportional
to the square root of the value.

Under assumptions Al to A6 the value of the floating rate bond, L, at
any point in time is the solution to the following equation:

1/2(a 3V Loy + 03X Ly + 2001006, VXLi) + VILy + X1l — Lr = —L; (12}

with boundary condition
LV, X, T) = min(V, X)

with either ¥V and X having zero or positive, but stochastic, values. To solve
{12) subject to the maturity condition above we can use again the
relationship that values the equity of the firm as a European call option. In
this case, however, the option gives the right to exchange one risky asset, V,
for another, L, at time T. If shareholders exercise the option they will get
V — X or nothing if they do not exercise it. Their position is equivalent to a
call option on the firm’s assets with exercise price X, and a put option on an
asset that pays X with exercise price V. The value of such portfolio is given
in Margrabe [7] and equals

E(V, X, 7) = VN(K:) — XN(K:) (13)
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where
K, = [log(V[X) + 1[2a7]a7

K:=K, -7

2 g3
T =0y + 0% — 2pelly

recalling that L(V, X, 7) = V — E(V, X, r) and defining d = X/V as the ratio
of the current riskless value of the random amount promised at maturity to
the current value of the firm, we can write the expression for the value of the
risky discount bond as

L(V, X, 7) = X[Nihz2) + N(—h,)/d] i
where
—hy = [log(d) - 1/2077)fa/7
hz = = [log(d) + 1/2¢%7)/a 7.

Expression (14) is the floating rate equivalent to expression (4) in the
fixed rate case. The expected vield on this floating rate bond is R(r)=
—log[L(V, X, 7}/X(7)]/+, being X(v) the payment bondholders expect to
receive when there is no risk of default. Then X(t)= X(r)e™™, and the
default risk premium demand by investors is

R(r)— r= —log[N(hz) + N{—hy)/d]/r. (15)

MNote that in the case of the floating rate bond the premium required by
bondholders is a function of (1) the variance of the firm’s returns, (2) the
ratio of the present value of the expected final payment promised to bond
holders, discounted at the riskless rate of interest, to the current value of the
firm, (3) time until maturity, (4) the variance of the shocks the random final
payment is likely to suffer, and (5) the correlation parameter between the
firm’s value and the value of that random principal amount. It is expected
that these last two variables will have an impact on the value of the spread
for risky floating rate bonds. We write this spread as

81(r) = Ra(r) - Ri(7) (16)

and assuming equal current riskless values of the final payments under the
bonds issued by both firms, the spread becomes

. N(hz2) + N(— hy2)/da
Aty = = e ey - N ]

It is important to note that the spread does not depend upon the unknown
alue of the principal payment bondholders get at maturity. To obtain
comparative statics results of §1{r) we define z as the expression inside the
brackets of (17) and note that 31(r) is a decreasing function of z.

(17)



