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Abstract

The Optimization Problem with Global Variables (OPGV) combines ob-
jective and constraint functions belonging to a set of N different systems
coupled only through a few of the variables known as global variables. Sev-
eral decomposition algorithms have been proposed for the solution of the
nonconvex OPGYV. However, the development of these decomposition al-
gorithms has been hindered by the absence of a suitable test-problem set.
Although several OPGYV test-problem sets have been developed in the con-
text of the stochastic programming problem, most of them correspond to
linear or convex problems. To bridge this gap, we introduce a new OPGV
test problem set. Nonlinear programming as well as quadratic programming
test problems can be generated. The user can choose problem characteris-
tics such as dimension, convexity, degeneracy, and degree of coupling among
systems and all local and global minimizers to the test problems are known
a priori.

1 Introduction

Many optimization problems arising in business and engineering combine objec-
tive and constraint functions belonging to a set of weakly connected systems. In
this paper we focus on problems for which only a few of the variables (known as
global variables) affect the behavior of all systems, while the remainder (known
as local variables) are needed only within one of the systems. We term these
problems Optimization Problems with Global Variables (OPGVs), namely,

N
min Fi(x,yi
min D Fil#,) )
st ci(zyy;)) > 0, i=1N,

where z € R™ are the global variables, y; € R™ are the ith system local vari-
ables, c;(z,y;) : R"™™ — R™ are the ith system constraints, and F;(z,y;) :
R"t" — IR is the objective function term corresponding to the ith system.
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OPGVs arise in the design of complex systems such as an aircraft or auto-
mobile [CDF*94] and in the solution of stochastic problems such as portfolio
management [Inf94, BLIT].

The structure of the OPGV suggests there might be strong computational
and organizational advantages in the use of decomposition algorithms to solve
it. Generalized Benders decomposition [Ben62, Geo72] is widely used to solve
OPGYVs whose objective and constraint functions are convex in the local vari-
ables. Several decomposition algorithms have been proposed for the nonconvex
OPGV [Tam87, Bra96, dM01]. However, the development of these and other
decomposition algorithms for the nonconvex OPGYV has been hindered by the
absence of a suitable test-problem set. Although several OPGV test-problem
sets [BDG87], [Inf94, p. 47] have been developed in the context of the stochas-
tic programming problem [BL97, Inf94], most of them correspond to linear or
convex problems.

A more general test-problem set is the multidisciplinary design optimization
test suite [PAG96]. For each test problem, a problem description, a benchmark
solution method, sample input and output files, as well as source codes are
available from the NASA Langley Research Center internet site. Test problems
range from simple synthetic problems to some real engineering design problems.
Unfortunately, the user has no control over important problem characteristics
such as convexity and degree of degeneracy. Moreover, different test problems
are given in different formats, and the implementation of a solution algorithm
usually requires the modification of the FORTRAN codes used to evaluate the
test problem objective and constraint functions.

Easy-to-use test-problem sets are available for several types of optimization
problems related to the OPGV. Calamai and Vicente developed FORTRAN
codes to generate quadratic programming [CV93b], linear-quadratic bilevel pro-
gramming [CV93a], and quadratic bilevel programming test problems [CV94].
Their quadratic bilevel programming test problem set is such that the user can
choose the test-problem size and the number of local and global minimizers.
Moreover, all local and global minimizers are known a priori. Jiang and Ralph
[JR99] developed a MATLAB code to generate mathematical programs with equi-
librium constraints. Their test problems are more general than Calamai and
Vicente’s quadratic bilevel programs (which can be generated as a particular
case) and the user can choose test-problem characteristics such as size, convex-
ity, degeneracy, and ill conditioning. A disadvantage is that the minimizers of
the test problems are not known in general.

In this paper, we introduce a new OPGYV test-problem set. Quadratic pro-
gramming as well as nonlinear programming test problems can be generated.
To the best of our knowledge, this is the first OPGV test-problem set that al-
lows the user control over test problem characteristics such as size, convexity,
degeneracy, and degree of coupling.

To obtain the desired test problems, we first modify Calamai and Vicente’s
quadratic bilevel programming test problems [CV94] to create a quadratic pro-
gramming OPGYV test problem set. Then, we show how nonlinearity can be
introduced in the quadratic programming OPGYV test problems to obtain a



nonlinear programming OPGYV test problem set.

2 Quadratic Programming OPGVs

2.1 Convex Quadratic Programming OPGVs
We propose the following convex quadratic programming OPGV:
min  gkillz —all® + 3ka2llyss — 2l1® + 5llyi2l®+

Z,Y1,Y2 1 1 1
skillz — all® + Skallya1 + zl® + 5 ly22|?

st. e < z4yi1r < 2e, (2)
z—yn < g
e < —r+yn < 2e
—r—yan < e

where £ € R™ are the global variables, y; = (y;1,¥i2) € R™ are the ith sys-
tem local variables with y; € R™, y;o € R™ ™™, K1,k € R, and e € R” is
the vector whose components are all ones. The feasible region of the convex
quadratic programming OPGYV proposed above closely resembles that of the
quadratic bilevel programming test problem proposed by Calamai and Vicente
[CV94]. The main differences between these two problems are that the OPGV
test problem has only one objective function whereas the bilevel programming
test problem has an upper-level and a lower-level objective function. We also
introduce the variable vector y2 to create an OPGYV problem with two systems.

For ki, ks > 0 the objective function Hessian corresponding to (2) is positive
definite and therefore the quadratic program is strictly convex. By changing n,
n1, and na, we can choose the size of the test problem. Likewise, by changing
the ratios nq/n and ma/n, the user can control the degree of coupling among
the two systems that compose (2). Finally, different degrees of degeneracy can
be obtained by careful choice of a.

Note that Problem 2 can be separated into n + 2 independent problems.
Each of the first n problems is formed by the objective function terms and the
constraints that depend on the rth component of the vectors z,y11, and yo1,
which we denote as x,,y11,, and y21,.. We term these n problems three-variable
conver quadratic programs, namely,

oD, 2F(r =@+ Sha(ynr — 2
%/ﬂ (xr —a)® + %k2 (Y21, + )2
s.t. 1 S X, + Y11r S 2, (3)
Ty — Y11r S ]-a
1 S —Zr + Yo21r S 2;
—Tr — Y21r S 1.

The last two problems that compose (2) are unconstrained quadratic programs
formed by the objective function terms that depend only on y12 or y22, namely,

1
min zllyel?, =12, )
Yr2 2
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Although these unconstrained problems may seem trivial at first glance, in Sec-
tion 4 we explain how a change of variables can be used to intertwine Problems
3 and 10 into a nonseparable test problem. Moreover, these unconstrained prob-
lems allow us to control the degree of coupling among systems by changing the
dimension of y15 and yas.

2.1.1 Minimizers

To find the minimizer of the convex quadratic programming test problem it
suffices to find the minimizer of the n + 2 problems that compose it. Since the
minimizers of the two unconstrained problems (10) are obviously yf, = 0 and
yao = 0, it only remains to calculate the minimizers of the three-variable convex
quadratic program.

Provided k1, k2 > 0, (3) is a strictly convex quadratic program. Moreover, its
objective function is nonnegative and hence bounded below. Therefore, for each
a, there exists a unique minimizer of (3). This unique minimizer can be found
by solving the KKT conditions. Here, we give the minimizer for a > 0. Because
of the symmetry of the problem, the minimizer for a < 0is just (—z%, ¥y, Y31,)s
where (2}, y11,,Ys1,) is the minimizer corresponding to |a|. We distinguish four
cases:

Case 1 (0 < a <1/24 2ky/ky): The active set is formed by the constraints
T, + y11» = 1 and —x, + y21, = 1. The minimizer is

* k1

Ty Fitdks @
* j— *

Yiir = 11—z
*

y217‘ 1 + .CL':

Case 2 (1/2 + 2ky/k1 < a < 1+ 3ka/k1): The active set is formed by the
constraint —x, + y21, = 1. The minimizer is

* k1 a—k2
Zr k1+2k2
* —_ *
Yi1r = Ty
*
Ya1r 1+a;

Case 3 (1 4+ 3ka/k1 < a < 3/2+ 5ka/k1): The active set is formed by the
constraints =, + y11» = 2 and —z, + y21, = 1. The minimizer is

z* kiatko

*’I‘ k1+4ko

— *

Yi1r = 2—z;
*

Yo1r 1+ z;

Case 4 (3/2 + 5ka/k1 < a): The active set is formed by the constraints
Tr + Y11 = 2, T — Y11 = 1 and —z, + Y21, = 1. The minimizer is

xy 1.5
y;lr = 0.5
y;lr 2.5



The set of minimizers of the three-variable convex quadratic program cor-
responding to a € (—o0,00) is depicted in Figure 1. The graph at the top
represents yi, as a function of z; and the graph at the bottom represents y3,,
as a function of z;.

2.1.2 Degeneracy

The degree of degeneracy of the minimizer of (2) depends on the value of a.
Provided n > 1 and kq, ks > 0, the following propositions give the set of values
of a for which the LICQ, SCSC, and SOSC hold at the minimizer.

Proposition 2.1 The LICQ and SOSC hold at the unigue minimizer of (2) for
all a.

Proof: Tt is easy to show from the structure of the active set at the minimizer of
(3) that the LICQ holds. Also, if k1, k2 > 0, then the Hessian of the Lagrangian
for Problem 2 is positive definite for all a and therefore the SOSC hold. |

Proposition 2.2 The SCSC holds at the minimizer of (2) iff for i = 1in, a; is
not in the set {:t(]./2 + 2k2/k1), :t(]. + 3k2/k51), :t(3/2 + 5k2/k1)}

Proof: This follows immediately from the KKT conditions of (3). |

Proposition 2.3 The SLICQ holds at the minimizer of (2) iff for i = 1:n,
—3/2 — 5k‘2/k1 <a; < 3/2 + 5k2/k1.

Proof: This is obvious from the active set at the minimizer of (3). |

2.2 Nonconvex Quadratic Programming OPGVs

We propose the following nonconvex quadratic programming OPGV:

min  3killz —all* — jkollyn — (= + be) 1> + 3 llya=ll*+

Z,Y1,Y2 1 1 "
skillz — all® — Skally2r — (@ + be)||* + 5 ly2e|?

s.t. e < z4+yn < Z2e, (5)
r—yn < e
e < —z+yn < 2e
—r—y < e

Note that the feasible regions of the convex and nonconvex quadratic pro-
gramming test problems are identical. The nonconvex quadratic programming
test problem is obtained from the convex test problem by replacing the objective
function terms 1ka|ly11 — [|? + Lkally21 + z||* by the terms —1k|ly1 — (—z +
be)||? — 3kallyz — (x + be)||*.

As in the convex case, the nonconvex quadratic programming test prob-
lem can be separated into n + 2 independent problems. The first n problems
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Figure 1: Minimizers to the three-variable convex quadratic program for a €
(—00,00).



are termed three-variable nonconver quadratic programs and can be written as
follows:

:m,yrlriirr,lymr %kl (:L-T - a)2 + %kQ (ylh' - (_m”' + b))2+
%kl (1'7' - a)2 + %kQ (y21r - (xr + b))2
s.t. 1 < z+ynr <2 (6)
ZTr — Y11r S 1:
1 S —Zr + Yo21r S 2:
—Tr — Y21r S 1

The last two problems that compose the nonconvex quadratic programming test
problem are the following unconstrained optimization problems:

o1
mln_||y7‘2||27 r= 172 (7)
Yr2 2

2.2.1 Minimizers

Since the minimizers of the two unconstrained problems (10) are obviously yj, =
0 and y3, = 0, we only need to calculate the minimizers of the three-variable
nonconvex quadratic program. Because of the symmetry of the problem it
suffices to compute the local minimizers for a > 0. Here, we give the local
minimizers for k; > 2ks > 0 and b = 1.5. We distinguish five cases:

Case 1 (0 < a <1): There exist four local minimizers that are also global:

*

z; a a a a
yiklr = ].—ZL': ) 2_'7:: ) ].—SU: ’ 2_‘77:
Y1, 1+az; 1+2z; 2425 2+ 2zy

Case 2 (1 <a <1+ (b—1)ks/ki): There exist two global minimizers:

*

xy a a
yflr = 2- :I": ) 2- m: )
Ya1p 14z 2+
and two local minimizers:
z; 1 1
y;lr = 0 ) 0
y;lr 2 3

Case 3 (14 (b— 1)k2/k1 < a < 1.25): There exist two global minimizers:

*

zn a a
* _ * *
Y11r - 2- Zy ) 2 - Ty )
Yair 1+ 27 2+a;
and two local minimizers:
* kia—(1+b)ka kia—(1+b)ko
*T k1—2ko k1—2ko
Yiir | = zy—1 ) zh—1
*
Ya1r 1+ =y 2427



Case 4 (1.25 < a < 1.5): There exist two global minimizers:

*

Z, a a
* — * *
Y11r - 2- Ty ) 2- Ly
* * *
Ya1r 1 + Ty 2 + Ty

Case 5 (1.5 < a): There exist two global minimizers:

o 15 1.5
¥, | =105 ], 05
Yoqp 2.5 3.5

The set of minimizers of the three-variable nonconvex quadratic program
for ky > 2ky > 0 and b = 1.5 is depicted in Figure 2 for a € (—o00,00) . The
graph at the top represents yi;, as a function of 2 and the graph at the bottom
represents y3;, as a function of z.

2.2.2 Degeneracy

Provided n > 1, k3 > 2ky > 0 and b = 1.5 the following propositions give
the particular values of a for which the LICQ, SCSC, and SOSC hold at the
minimizer of (5).

Proposition 2.4 The LICQ and SOSC hold at all local minimizers of (5) for
all a.

Proposition 2.5 The SCSC holds at all local minimizers of (5) iff for i = 1:n,
a; is not in the set {£1,£1.5}.

Proposition 2.6 The SLICQ holds at the minimizer of (2) iff for i = lin,
~3/2 < a; < 3/2.

3 Nonlinear Programming OPGVs

In some occasions, the quadratic programming nature of the test problems intro-
duced so far might limit our ability to perform a fair comparison among different
decomposition algorithms. This is the case when one of the decomposition al-
gorithms compared has a relative advantage when applied to the solution of
quadratic programs. To overcome this limitation, we introduce the following
nonlinear programming OPGV:

min  Zkillz —al® + $kallyin — 212 + 3 llya2®+

Z,Y1,Y2
skillz — all® + $kallyar — (6 — 2)|1* + 52|l
s.t. e < T Y11 < 9%e (8)
de < (6—2x)-yn
e < (6—2)-ynn < Ye
de < T - Y21
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where z € R™ are the global variables, y; = (yi1,¥:2) € R™ are the ith system
local variables with y;; € R”, y;o € R™™", k1,k2 € R, and e € R" is the
vector whose components are all ones. Note that the objective function of
the nonlinear programming test problem proposed is quadratic. Moreover, its
Hessian matrix is identical to that of the convex quadratic programming test
problem proposed in Section 2.1. However, in the nonlinear program proposed,
the linear constraints of the convex quadratic programming test problem are
substituted by nonconvex nonlinear constraints.

As in the quadratic case, the nonlinear programming test problem can be
separated into n + 2 independent problems. The first n problems are termed
three-variable nonlinear programs and can be written as follows:

min ki (z, — a)? + Ske (Y11, — @)%+
TrsYir,Y2r
tki(z, — a)® + Tka(y2rr — (6 — z,))?
s.t. 1 S Ty - Yi1r S 9 (9)
4 < (6—=) yY11r
1 < (6—2p) yaar < 9
4 < Tr - Y21r

The last two problems are the following unconstrained quadratic programs:

1
min _ly2|*, 7 =1,2. (10)
Yyr2 2

3.0.3 Minimizers

It is easy to show that for ki,ks > 0, there exists a unique minimizer to the
three-variable nonlinear programming test problem. Here, we give the minimizer
for a > 3. Because of the symmetry of the problem, the minimizer for a < 3 is
just (6 — z¥,y31,,Y11,), where (2%, y71,,¥s1,) is the minimizer corresponding to
6 — a. We distinguish three cases:

Case 1 (a = 3): The active set is formed by the constraints z - y11 = 9 and
(6 — ) - y21 = 9. The minimizer is

z 3
yfl’r = 3
y;lr 3
Case 2 (3 <a < 3%+ I8 . 22): The only active constraint is z - y11 = 9.
The minimizer is
z; v(a)
yflr = 9/.’Ei )
y;lr 6 - .’IJ:
where
54 76415 ko

v@): B3+ 5050 7))
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is a strictly increasing function such that v(3) = 3 and

54 76415 ko

9% | (b=lo Ray 3
3+ 50520 7y = OM13

Case 3 (35 + 543 - 12 < a): The active set is formed by the constraints

z-y1n =9 and (6 — z) - y11 = 4. The minimizer is

zy 54/13
yie | = 13/6
Ve 24/13

The set of minimizers of the three-variable nonlinear program corresponding
to a € (—o00,00) is depicted in Figure 3. The graph at the top represents y;;,
as a function of z; and the graph at the bottom represents y5;, as a function of
z.

3.0.4 Degeneracy

The degree of degeneracy of the minimizer of (8) depends on the value of a.
Provided n > 1 and kq, ks > 0, the following propositions give the set of values
of a for which the LICQ, SCSC, and SOSC hold at the minimizer.

Proposition 3.1 The LICQ and SOSC hold at the unique minimizer of (8) for
all a.

Proposition 3.2 The SCSC holds at the minimizer of (2) iff for i = 1:n, a; is

not in the set
24 76415 ko 54 76415 k-

3 500 &> 13 T hm kO
Proposition 3.3 The SLICQ holds at the minimizer of (2) iff for i = 1:n,

24 76415 @<a.<§+76415‘@
13 50544 Kk 13 7 50544 Ky

4 Nonseparable Test Problems

All test problems introduced so far can be separated into n + 2 independent
problems. The iterative procedure required to solve these separable test prob-
lems is numerically equivalent, for most algorithms, to the one needed to solve
the n + 2 problems independently. Therefore, to analyze how the performance
of a decomposition algorithm depends on problem size, we need to modify our
test problems so that they are not separable.

3 An analytical expression of this function can be constructed. However due to its complex-
ity we do not included here. Nevertheless, for each specific value of a, v¥(a) can be computed
by solving the KKT conditions of problem (9)

11
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Vicente and Calamai used a transformation matrix to obtain nonseparable
test problems from their separable bilevel quadratic test problems. Here, we
need to ensure that the test problems maintain the OPGV structure. The
transformation we propose is

T P, T
gl = Pyl N ’
Y2 Py, Y2

where P, € R"*", P,, € R™*™ and P,, € R™*"™ are nonsingular. It is easy
to show that the test problems in the variables (%, §1,2) are OPGVs. Moreover,
the transformed test problems are not separable.

5 Conclusions

To the best of our knowledge, the test problem set introduced is the first to
allow the generation of nonconvex nonlinear programming as well as convex
and nonconvex quadratic programming OPGYV test problems. Moreover, the
user has control over crucial problem characteristics such as size, degeneracy,
and degree of coupling among subproblems.

These test problems have been effectively used for the comparison of the
inexact and exact penalty decomposition algorithms developed by De Miguel
and Murray [dMO1].
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