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1 Introduction

Many airlines are struggling to survive in today's
economy. A crucial contribution to the success of
an airline is an e�cient management of its revenues.
The problem underlying revenue management is for
the airline to decide whether to accept customer re-
quests for air travel on a real time basis in order to
maximize its expected revenue. Typically, an airline
o�ers several products (itinerary and fare class com-
binations) and operates a network of many resources
(class�cabin in a given �ight).
Demand forecasting is a crucial component of air-

line revenue management. Most of the papers in
this area consider univariate demand which is then
modelled with a statistical distribution, the normal
and gamma distributions being the most popular
(McGill and van Ryzin 1999; Lee 1990). However,
in practice the available capacity is allocated dynam-
ically between di�erent products and thus is makes
sense to take into account the potential correlations
among product demand. At the same time, de-
mand for any single product is recorded over the
entire booking horizon at �xed time points (snap-
shots). In this framework it is natural to investigate
whether there is correlation among realizations of de-
mand for any individual product in di�erent booking
periods. Inter�product and inter�temporal correla-
tions of demand have been documented empirically
(McGill 1995). For e�ciency reasons, it is therefore
important to take them into account in a demand
forecasting model.
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In this paper we propose a novel methodology
for demand forecasting in the revenue management
framework. Firstly, we develop a multivariate de-
mand model that takes into account both the corre-
lation between demand for di�erent products o�ered
by the airline and the correlation between demand
during di�erent time periods over the entire book-
ing horizon. Secondly, we describe how this model
can be estimated from historical data using the EM
algorithm.
The paper is structured as follows: Section 2 de-

scribes the demand model and investigates the corre-
lation structure. The estimation procedure is devel-
oped in Section 3, and Section 4 presents the results
of simulation experiments designed to test the per-
formance of the estimation algorithm. Several com-
ments and directions for future research are outlined
in the concluding Section 5.

2 The Forecasting Model

We consider an airline that o�ers n products. Time
is discrete, indexed by t = 1, . . . , T , where T is the
number of periods between the time when a product
is opened for booking and the time of service. Let
D(t) = (D1(t), . . . , Dn(t))′ denote the random vector
of demand in period t, where Di(t) is the demand for
product i.
We assume that the random demand can be de-

scribed through the following linear mixed e�ects
model:

D(t) = a(t) + W (t) · v + ε(t), t = 1, . . . T. (1)

Here a(t) ∈ <n is a vector of �xed e�ects repre-
senting the mean demand in period t. The random
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e�ects are modelled through v ∈ <n, the realization
of a common shock which in�uences demand in all
periods. We assume that v has a multivariate nor-
mal distribution with covariance matrix Σv and zero
mean, v ∼ Nn(0, Σv). The in�uence of the com-
mon random shock on the demand for each product
in period t is weighted by the n × n diagonal ma-
trix W (t). For example, the random shock will a�ect
the demand for economy fare classes to a larger ex-
tent at the beginning of the booking period than at
the end. Similarly, the shock will have a larger in�u-
ence on the business demand towards the time of ser-
vice, rather than at the start of the booking period.
The weighting matrices W (t) are thus determined by
the product de�nitions and we assume that they are
known by the forecasters. The error terms ε(t) are
normally distributed ε(t) ∼ Nn(0, Inσ2

e) where In is
the identity matrix of order n, so that in fact the com-
ponents of the error vectors are independent. We also
assume that ε(t) are independent across time periods
t = 1, . . . , T and independent of v.
With this speci�cation, the random shock v in-

duces correlation of demand both across di�erent
time periods and across di�erent products within
the same period. Indeed, conditionally on v the
demand D(t) has the Nn(a(t) + W (t)v, Inσ2

e) dis-
tribution. Unconditionally, D(t) is distributed as
Nn(a(t), W (t)ΣvW (t)+Inσ2

e), hence the components
of demand for di�erent products are correlated. Also,
for any t 6= s we have

Cov(D(t), D(s)) = Cov(W (t)v, W (s)v)
= W (t)E[vv′]W (s)
= W (t)ΣvW (s). (2)

Thus the demand vectors D(t) and D(s) for dif-
ferent time periods are correlated because they share
the in�uence of the common random shock v. (To
derive (2), recall that W (t) is diagonal and hence
W (t) = W ′(t) for all t. Note also that E[vv′] =
Cov(v, v) = Σv since E[v] = 0.)
For convenience, we state the model for the de-

mand over all time periods as

D = a + Wv + ε, (3)

where D, a, ε ∈ <nT are obtained by concatenating

the corresponding vectors from periods t = 1, . . . , T ,
and W is the nT × n matrix with rows given by
W (1), . . . ,W (T ). Note that ε ∼ NnT (0, InT σ2

e) and
hence D ∼ NnT (a, WΣvW′ + InT σ2

e).

3 Model Estimation

Consider a random sample D1, . . . , DK of K indepen-
dent realizations of the total demand vector. Each
realization corresponds to a set of �ights leaving on
a particular day. Booking limits and aircraft capac-
ity constraints cause censoring of the demand data
(van Ryzin and McGill 2000), so that in practice
only sales data are available. Denote by S1, . . . , SK

the corresponding observed sales; these are censored
realizations of demand, so that Dki ≥ Ski for all
k = 1, . . . ,K and i = 1, . . . , n. Let δk be the vec-
tor of censoring indicators for Dk, de�ned as δki = 1
if Dki = Ski and δki = 0 otherwise, for all i =
1, . . . , nT .
Based on sales and censoring data, we are inter-

ested in estimating the �xed e�ects vector a, the co-
variance matrix Σv of the random shock v, and the
error variance σ2

e . Since v is unobservable and the ob-
servations D1, . . . , DK are potentially censored, the
EM algorithm (Dempster, Laird and Rubin 1977) can
be used to accommodate the missing data. This ap-
proach is similar to that of Smith and Helms (1995).
The EM algorithm is the classic tool for obtain-

ing maximum likelihood estimates from incomplete
or missing data. The complete data for model
(3) consists of the realized values of the random
shock v1, . . . , vk and the uncensored demand vari-
ables D1, . . . , DK . The observed but incomplete data
consists in the sales variables S1, . . . , SK and the cen-
soring indicators δ1, . . . , δK . We assume that censor-
ing is observable, i.e. the booking limits are known
for each product and time period. The EM algo-
rithm iterates between two steps: the expectation
(E) step computes expected values of the su�cient
statistics for the complete data conditional on the
observed data and current values of the parameters.
In the maximization (M) step, new estimates of the
unknown parameters are obtained by maximizing the



likelihood computed with the expected values of the
su�cient statistics from the previous E�step.

The joint distribution of the uncensored demand
and the random shock is given by[

Dk − a
vk

]
∼ N(n+1)T (0,Σ),

where Σ =
[

WΣvW′ + σ2
eInT WΣv

ΣvW′ Σv

]
.

The logarithm of the complete data likelihood func-
tion has the following component of interest:

−K log | Σ | −
K∑

k=1

[
Dk − a

vk

]′
Σ−1

[
Dk − a

vk

]
= −KnT log(σ2

e)−K log | Σv |

−
K∑

k=1

[(Dk − a−Wvk)′(Dk − a−Wvk)
1
σ2

e

+ v′kΣ
−1
v vk], (4)

where | Σ |= (σ2
e)nT · | Σv | and

Σ−1 =


1

σ2
e
InT − 1

σ2
e
W

− 1
σ2

e
W′ Σ−1

v + 1
σ2

e
W′W

 .

Taking partial derivatives of (4) and setting them
equal to zero, it follows that the estimates of a, Σv,
σ2

e and {vk} which maximize the likelihood function
satisfy the following equations:

â =
1
K

K∑
k=1

(Dk −Wv̂k) (5)

Σ̂v =
1
K

K∑
k=1

v̂kv̂′k (6)

σ̂2
e =

1
KnT

K∑
k=1

(Dk − â−Wv̂k)′(Dk − â−Wv̂k)

(7)

v̂k = (W′W + σ̂2
eΣ̂

−1

v )−1W′(Dk − â), (8)

for k = 1, . . . ,K. These are the underlying equations
for the EM algorithm.
The algorithm starts with a set of initial estimates

a(0), Σ(0)
v , σ

2(0)
e and {v(0)

k }, which may be obtained by
using mixed model techniques and treating censored
observations as ignorably missing. At the rth itera-
tion, the E�step computes the expected values of the
su�cient statistics for the complete data, conditional
on the observed data {Sk, δk} and on the estimated
values of the parameters from the (r− 1)st iteration.
From (5)�(8) it follows that a set of su�cient statis-

tics for a, σ2
e and {vk} are given by

∑K
k=1(Dk−Wv̂k),∑K

k=1(Dk−â−Wv̂k)′(Dk−â−Wv̂k), and {W′(Dk−
â)}k, respectively. Let θ = {a,Σv, σ2

e , {vk}} and let

θ(r) be the value of θ after the rth iteration. We de-
note D̃

(r)
k = E[Dk | Sk, δk,θ(r)]. Then the expected

values of the su�cient statistics for a, {vk}, and σ2
e

at the rth iteration are determined by t
(r)
1 , {t(r)2k } and

t
(r)
3 , respectively, where

t
(r)
1 = E[

K∑
k=1

(Dk −Wv̂k) | Sk, δk,θ(r−1)]

=
K∑

k=1

(D̃(r−1)
k −Wv

(r−1)
k ), (9)

t
(r)
2k = E[W′(Dk − â) | Sk, δk,θ(r−1)]

= W′(D̃(r−1)
k − a(r−1)), k = 1, . . . ,K (10)

and

t
(r)
3 = E[

K∑
k=1

(ÊR
′
k · ÊRk | Sk, δk,θ(r−1)] (11)

=
K∑

k=1

{E[D′
kDk | Sk, δk,θ(r−1)]

−2(a(r−1) + Wv
(r−1)
k )′D̃(r−1)

k

+(a(r−1) + Wv
(r−1)
k )′(a(r−1) + Wv

(r−1)
k )},

where we have denoted ÊRk = Dk − â − Wv̂k for
k = 1, . . . ,K. In order to compute these expectations

we need to evaluate D̃
(r−1)
k = E[Dk | Sk, δk,θ(r)] and



E[D′
kDk | Sk, δk,θ(r−1)]. Conditional on θ(r−1), Dk

has the NnT (a(r−1) +Wv
(r−1)
k , σ

2(r−1)
e InT ) distribu-

tion, thus the components of Dk are independent and

Dkj | θ(r−1) ∼ N(a(r−1)
j + (Wv

(r−1)
k )j , σ

2(r−1)
e ), for

j = 1, . . . , nT .

If δkj = 1 then Dkj is observed and Dkj = Skj ,

thus D̃
(r)
kj = E[Dkj | Skj , θ

(r)] = Skj and E[D2
kj |

Skj , θ
(r)] = S2

kj . If δkj = 0 then Dkj is censored and
Dkj > Skj , thus

D̃
(r)
kj = E[Dkj | Dkj > Skj , θ

(r)] (12)

= a
(r)
j + (Wv

(r)
k )j + σ(r)

e ·
φ(z(r)

kj )

1− Φ(z(r)
kj )

,

where φ(·) and Φ(·) are the standard normal density
and cumulative density functions, and

z
(r)
kj =

Skj − (a(r)
j + (Wv

(r)
j )j)

σ
(r)
e

.

This follows from standard results for the truncated
normal distribution (Johnson et al. (1994), p.156�
162). Note also that

E[D′
kDk | Sk, δk,θ(r−1)] =

nT∑
j=1

E[D2
kj | Sk, δk,θ(r−1)]

(13)
and

E[D2
kj | Dkj > Skj , θ

(r)] = (a(r)
j + (Wv

(r)
k )j)2 + σ2(r)

e

+ σ(r)
e ·

φ(z(r)
kj )

1− Φ(z(r)
kj )

· (Skj + a
(r)
j + (Wv

(r)
k )j).

Replacing the expressions for D̃
(r)
kj and E[D2

kj |
Skj , θ

(r)] in (9)�(11), we obtain the expected values
of the su�cient statistics for a, {vk}, and σ2

e .

At the rth iteration of the M�step, new estimates

a(r), Σ(r)
v , σ

2(r)
e , and {v(r)

k } are computed from (5) �

(8) using the values of t
(r)
1 , {t(r)2k } and t

(r)
3 derived in

the previous iteration of the E�step:

a(r) =
1
K

t
(r)
1

v
(r)
k = (W′W + σ2(r−1)

e (Σ(r−1)
v )−1)−1 · t(r)2k ,

Σ(r)
v =

1
K

K∑
k=1

v
(r)
k v

(r)′

k

σ2(r)
e =

1
TnK

t
(r)
3 .

The algorithm then iterates until convergence.

4 Simulation Experiments

The performance of the EM algorithm described in
the previous section has been investigated through a
series of simulation experiments. The objective was
to examine the e�ects of demand correlation, degree
of censorship and length of booking horizon on the
bias and consistency of estimators and on the con-
vergence of the EM algorithm.
We considered a subset of n = 2 products o�ered

by an airline, corresponding to two fare classes (busi-
ness and economy) on the same itinerary. The total
�ight capacity was �xed at 100 seats, with 30 seats
allocated to the �rst fare class and 70 seats allocated
to the second.
We simulated the demand for the two products

over a time horizon with T = 4, 6, and 8 snap-
shots. The mean demand a(t) = (a1(t), a2(t)) was
uniform across all periods. The demand variances
σ2

v1 and σ2
v2 were chosen such that the coe�cient of

variation is 0.4, and the correlation between demand
for the two products was given values of ρ = 0.2
and 0.4. These choices for the coe�cient of variation
and for the correlation coe�cient are typical values in
airline demand modelling (McGill 1995; McGill and
van Ryzin 1999). The error standard deviation was
σ2

e = 0.8.
With the parameters speci�ed above we generated

K = 100 realizations of demand from model (1), cor-
responding to a hundred di�erent departure dates.



These demand paths were then censored in order to
obtain the sales data, in such a manner that the per-
centage of censorship had values C = 0%, 20% and
40%. The censoring indicators for each demand value
were also recorded at this stage. The EM algorithm
as described in Section 3 was then used to estimate
the parameters of the demand distribution from sales
and censoring indicators. The convergence tolerance
of the algorithm was set at 0.001, leading to stability
to the third signi�cant �gure in the log�likelihood.
The results of the simulations are summarized in

tables 1 and 2. The values reported in the tables
are the empirical bias and mean squared error of the
parameter estimates evaluated from 100 iterations;
the values for the estimates of a1 and a2 are averages
over all time periods.
The bias for the estimated parameters is mostly

negative, showing that the EM algorithm slightly un-
derestimates the true values. The bias and mean
squared error for all parameters are generally increas-
ing with the percentage of censoring C, and decreas-
ing with the number of time periods T , as expected.
This simply re�ects the fact that more information
in the sample naturally leads to better estimates. It
should be noted that the bias is larger for the esti-
mates of the random e�ect variances and of the error
variance, partly due to the relatively moderate sam-
ple size K = 100. By contrast, the estimates of ρ are
quite precise.
The EM algorithm has notoriously slow conver-

gence. However, it should be noted that in the sim-
ulation scenarios that we considered the algorithm
converged rather rapidly � a running time of ten sec-
onds is a loose upper bound for all instances. The ac-
tual convergence speed decreased both with increas-
ing percentage of censorship C and with increasing
demand correlation ρ.

5 Conclusions

We have investigated in this paper a novel multivari-
ate model for airline demand forecasting. The model
is �exible enough to allow correlation both between
di�erent products o�ered by the airline and between

several time periods over the booking horizon. In
practice, historical data consist not of actual demand
but of observed sales which represent demand cen-
sored by capacity constraints. Any methodology for
estimating the model from historical data needs to
take into account the censored nature of demand. We
have proposed the use of the EM algorithm for esti-
mating the model parameters within the maximum
likelihood framework, and showed how this approach
allows uncensoring of the demand data, while at the
same time naturally accommodating the random ef-
fects features of the model.

The model can be extended to take into account
overbooking and cancellations over the booking pe-
riod. At the same time, this forecasting model may
be complemented by a multistage programming ap-
proach to generating bid prices (Talluri and van
Ryzin 1999; Williamson 1992). These and other gen-
eralizations are the subject of future research.
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