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omputing the optimal portfolio policy of an investor facing capital gains tax is a challenging problem:

because the tax to be paid depends on the price at which the security was purchased (the tax basis), the
optimal policy is path dependent and the size of the problem grows exponentially with the number of time
periods. Dammon et al. (2001, 2002, 2004), Garlappi et al. (2001), and Gallmeyer et al. (2001) address this problem
by approximating the exact tax basis by the weighted average purchase price. Our contribution is threefold. First,
we show that the structure of the problem has several attractive features that can be exploited to determine
the optimal portfolio policy using the exact tax basis via nonlinear programming. Second, we characterize the
optimal portfolio policy in the presence of capital gains tax when using the exact tax basis. Third, we show
that the certainty equivalent loss from using the average tax basis instead of the exact basis is very small: it is
typically less than 1% for problems with up to 10 periods, and this result is robust to the choice of parameter
values and to the presence of transaction costs, dividends, intermediate consumption, labor income, tax reset

provision at death, and wash-sale constraints.
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1. Introduction

Our objective in this paper is to study the optimal
dynamic portfolio policy in the presence of capital
gains tax when using the exact tax basis. This is an
important problem given that most investors face
taxes on their stock holdings. Moreover, the magni-
tude of the capital gains tax is quite large—it typically
ranges from 20% to 40%—and so is much larger than
transactions costs, which are usually less than 1%.

In spite of the importance of this problem, the opti-
mal portfolio policies in the presence of capital gains
tax using the exact tax basis have been studied only
by Dybvig and Koo (1996), with the analysis being
limited to four periods and a single stock. The main
reason for this is that computing the optimal port-
folio policy of an investor subject to capital gains
taxes is a challenging task. The difficulty is that the
tax to be paid depends not only on the selling price,
but also on the price at which the securities were
purchased, that is, the tax basis. As a consequence,
the optimal policy is path dependent and the size of
the problem grows exponentially with the number of
time periods.

Constantinides (1983) shows that if short selling
were costless and unconstrained, the optimal policy
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would be to realize all losses immediately and to
defer all gains.! The investor optimally defers all
gains because, with costless short selling, she prefers
to sell short those securities with an embedded cap-
ital gain instead of selling them outright (referred to
as “shorting against the box”), avoiding any tax pay-
ment, and thus capturing the time value of taxes.
Also, an investor should realize all losses by selling
any securities whose price falls below their tax basis
to get a tax rebate, and then rebalance her portfolio by
buying the securities at the current price; this practice
is known as a wash sale.? In essence, costless short
selling allows one to separate the portfolio problem
from the tax timing problem. However, in practice
short selling is not costless and it may also be pro-
hibited by the tax authorities, and thus, in this paper

! Constantinides (1983) also assumes symmetric taxation of long-
term and short-term capital gains. In another paper, Constantinides
(1984) shows that with asymmetric taxation an investor may opti-
mally realize gains.

2 Although Constantinides (1983) assumes that wash sales are al-
lowed, they are disallowed by the US tax code. In particular, an
investor is not allowed to obtain a tax rebate when selling a security
with an embedded capital loss if the same security is bought within
30 days of its sale.
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we focus on the portfolio problem for the case where
short sales are prohibited.

A popular approach adopted in the literature for
dealing with the complexity of the portfolio prob-
lem in the presence of capital gains tax has been to
use the weighted average purchase price as the tax
basis to find an approximate solution to the problem
with short-sale constraints; see for example, Dammon
et al. (2001, 2002, 2004), Garlappi et al. (2001), and
Gallmeyer et al. (2001). This is equivalent to forcing
the investor to sell the same proportion of the shares
she holds for each different tax basis whenever she
sells stock. The resulting policies are obviously sub-
optimal because it is always better to sell those shares
with the highest tax basis first. However, the advan-
tage of using this approximation is that it makes the
problem path independent, and thus, allows one to
solve problems with a large number of dates using
dynamic programming.

Dybvig and Koo (1996) formulate the problem with
the exact tax basis as a nonlinear program and they
propose two different algorithms to solve it, but their
algorithms allow them to solve the problem for only
four periods and a single stock.

...we find that the numerical algorithm works nicely
for T <4 periods with a single binomial risky asset
with our current computing capacity, and it is clear
that even orders of magnitude of increase in comput-
ing power will not allow us to handle much larger
problems. (Dybvig and Koo 1996, p. 11)

Our first contribution is to show that the dynamic
portfolio problem formulated by Dybvig and Koo
(1996) has several attractive features that can be
exploited to solve larger problems using a standard
nonlinear programming algorithm such as SNOPT (Gill
et al. 2002).> We consider both problems with more
periods (as many as 10) or more stocks in which
the agent can invest (up to four stocks when there
are four periods and up to two stocks for the case
where there are seven periods). Our approach also
allows one to consider other features of the real world
not considered by Dybvig and Koo such as trans-
action costs, dividends, intermediate consumption,
labor income, tax reset provision at death, and wash-
sale constraints.

Our second contribution is to characterize the opti-
mal portfolio policy in the presence of capital gains
tax when using the exact tax basis. We find that in

% For equilibrium models in the presence of taxes that are set in
a static environment, see Schaefer (1982) and Dammon and Green
(1987); Basak and Gallmeyer (2003) study the effects on asset prices
of differences across individuals in tax rates on dividends in a
dynamic model and Basak and Croitoru (2001) analyze the equi-
librium implications of introducing redundant securities in such a
setting.

the presence of capital gains taxes the investor holds a
substantially larger proportion of stock. This is partly
because taxes effectively reduce the after-tax volatil-
ity of the stock and partly because of the value of the
tax-timing option. In addition, in the presence of taxes
the investor no longer holds a constant stock-to-wealth
ratio. As is well known, this is because in the presence
of taxes there is a trade-off between the gains from
optimal diversification and the taxes incurred from
trading to reach the optimal portfolio position. How-
ever, when wash sales are constrained, the investor
with a capital loss buys more and sells more than an
investor who is not wash-sale constrained; hence, the
investor’s stock-to-wealth ratio oscillates much more
than in the absence of this constraint. We also find
that the investor chooses the optimal portfolio strat-
egy so as to minimize taxes, and consequently, under
the optimal portfolio policy the total amount of taxes
paid is very small. In our numerical simulations, we
find that the tax-to-wealth ratio is always less than 2%,
and is on average less than 1% for all time periods.

Note that many of the characteristics discussed
above also apply to the policy obtained when approx-
imating the tax basis with the weighted average pur-
chase price, as in Dammon et al. (2001, 2002, 2004),
Garlappi et al. (2001), and Gallmeyer et al. (2001). But,
to the best of our knowledge, our work is the first to
analyze the portfolio policy with the exact tax basis
and confirm the similarities between this policy and
the approximate policies in the literature.

The ability to solve larger scale problems using the
exact tax basis also enables us to compare the optimal
portfolio policy in the presence of capital gains tax
when using the exact tax basis to the suboptimal port-
folio policy obtained from approximating the exact
tax basis with the weighted average purchase price,
as in Dammon et al. (2001, 2002, 2004), Garlappi et al.
(2001), and Gallmeyer et al. (2001). Our third contribu-
tion is to show that the certainty equivalent loss from
using the average tax basis instead of the exact basis
is very small: it is typically less than 1% for prob-
lems with up to 10 periods. This result is robust to
the choice of parameter values and to the presence of
transaction costs, dividends, intermediate consump-
tion, labor income, tax reset provision at death, and
wash-sale constraints.

The small difference between the exact and approx-
imate solutions can be explained by the fact that
the investor following the optimal investment policy
rarely holds shares bought at more than one date, and
consequently, the weighted average purchase price is
very close to the exact tax basis. The intuition for
why the investor following the optimal investment
policy rarely holds shares with more than one tax
basis is that when the stock price goes up, a risk-
averse investor rarely purchases any additional shares
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of stock because of diversification reasons; thus, the
tax basis of the shares held after an increase in
the stock price is the same as in the previous time
period. On the other hand, when the stock price goes
down, the investor usually undertakes a wash sale
and thus resets the tax basis of all those shares with
an embedded capital loss to the current stock price.
The only circumstance under which an investor may
hold shares with two different tax bases is when the
stock price goes down, and she holds shares with
a tax basis lower than the current stock price. In
the presence of transactions costs and wash-sale con-
straints, there is a higher likelihood that the investor
will hold shares with more than one tax basis. Sim-
ilarly, when cash dividends are added to the model
they require a constant rebalancing of the investor’s
portfolio, and hence, lead to an increase in the pro-
portion of stock with secondary tax basis. The inclu-
sion of labor income to the model also has the same
effect. However, our results indicate that even in these
cases the certainty equivalent loss from using the
weighted average purchase price rather than the true
tax basis is quite small for a wide range of parameter
values.

The rest of this paper is organized as follows. In §2,
we describe the basic model of portfolio selection in
the presence of taxes on capital gains and the opti-
mization problem faced by the investor. In §3, we dis-
cuss properties of the optimization problem that can
be exploited to efficiently compute the optimal port-
folio policy. The optimal portfolio policies and their
comparison to the approximate policies based on the
average tax basis are presented in §4. We conclude
in §5.

2. The Model and Optimization

Problem

In the first part of this section, we describe the basic
model proposed by Dybvig and Koo (1996) and in
the second part we explain how the model can be
extended to allow for other features such as trans-
action costs, dividends, intermediate consumption,
labor income, tax reset provision at death, wash-sale
constraints, and the presence of multiple risky assets.
We adopt the same notation as Dybvig and Koo.

2.1. The Basic Model
Dybvig and Koo (1996) consider an investor facing
two investment opportunities: a risk-free asset and a
risky asset (stock). The risk-free asset yields an after
tax risk-free rate r per time period. The stock price at
time f is P, and its evolution is modeled as a binomial
process. The investor is assumed to have an initial
cash endowment of C,.

The investor has to choose C,, the amount of cash
held after time t ={1,...,T}, and N, ,, the number

of shares bought at time s={0, ..., T} and kept after
trading at time t ={s, ..., T}. The variables N; ; allow
one to keep track of the tax basis of each share in the
portfolio. They must satisfy the following constraints:

N ;>N ;1 =--->N, >0 forallt, (1)

which imply that shares are being sold over time and
any new purchases are indexed by the later time of
purchase. In addition, the last constraint (N, ; > 0)
rules out short selling.

The investor’s preferences are given by a standard
power utility function with relative risk aversion v,
and her objective is to maximize the expected utility
of cash at time T:

max E|: C%_V j| )

Ci, N, ¢ 1- Y

The investor’s policy must satisfy the budget con-
straints

C =G r—N, ;P

t—1
+2(No =N, )(P—7(P,—P)) forallt. (3)
s=0

The first term on the right-hand side, C,_;, is the risk-
less after-tax return on cash. The next term, N, ,P,, is
the cost of the shares bought at date t. The last term
is the after-tax proceeds from shares sold, where 7 is
the tax rate, P, is the current stock price, and P, is the
price at which the shares were purchased, that is, the
tax basis.

2.2. Extensions to the Basic Model

We now extend the Dybvig and Koo (1996) model
described above to allow for transaction costs, divi-
dends, intermediate consumption, labor income, tax
reset provision at death, wash-sale constraints, and
the presence of multiple stocks. These extensions will
allow us to explore how the optimal portfolio policies
depend on these real-world features.

2.2.1. Transaction Costs. Proportional transaction
costs may be considered by using the following bud-
get constraint:

C =Cr—N, ;,(1+ k)P,

-1
+2 Ny i =N, (A=) P = 7(P, = Py)),
s=0

where « is the proportion of the price paid as trans-
action cost. Compared to the budget constraint in
Equation (3), we see that the effect of transactions
costs is to increase the cost of shares purchased and
reduce the proceeds from shares sold.
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2.2.2. Dividends. We model dividends at date ¢
as being a constant proportion d of the share price at
date t. In addition, we tax dividends at the same rate
as capital gains. This leads to the following budget
constraint:

-1

CG=C.r+(1 _T)dPtZZVs,t—l _Nt,tPt

s=0

t—1
+ Z(NS, i-1— N, )(P,—7(P,—P,)) for all t.
s=0

2.2.3. Intermediate Consumption. In the basic
model we described, it was assumed that investors
wish to consume only at the terminal date T. How-
ever, investors may wish to consume at each date
t <T. The basic model can be extended to include
intermediate consumption by introducing the addi-
tional decision variables con, (the investor’s con-
sumption at time t = {0, ..., T}). Then, the objective
is to maximize the expected utility of consumption:

I [ .con;”
max E —,

Gy, cony, N §|:'B j|
where § is the subjective discount rate. In addition, we
modify the budget constraint in (3) to account for the
effect of withdrawing funds to finance consumption:

C = Cyr—N, ;P
-1
+ Z(Ns, -1 — N, ) (P — 7(P, — P,)) — con,.
s=0

2.24. Labor Income. In addition to financial
income received from the portfolio, an investor may
also be receiving labor income. We model labor
income as a proportion ¢ of the investor’s pre-tax
wealth. This leads to the following budget constraint:

t-1
C=Cr+ £<Ct—1” + ZNS, t—lpt> A
s=0

-1
+ Z(Ns,tfl - Ns,t)(Pt —7(P, = F,)).
s=0

2.2.5. Tax Forgiveness. To allow for the possibil-
ity that the tax code forgives any capital gains tax
upon the death of the investor, we use the following
budget constraint for the last date, which is a modi-
fied version of Equation (3):

-1
Cr=Cr 47 =Np tPr+ Y (N, v — N, 1)Pr.
s=0
2.2.6. Wash-Sale Constraints. The basic model as-
sumes that wash sales are allowed; that is, the investor
is allowed to sell all the shares whose tax basis is above
the current stock price to get a tax rebate, and then

buy back the optimal number of shares at the current
stock price. If the tax code prohibits wash sales, the
model can be modified by introducing the following
additional wash-sale constraints:

t—1
N, ;> (N;;1—N,;)=0 forallt.
s=0

These constraints imply that one cannot buy and sell
shares at the same date t. Note that the wash-sale con-
straint is meaningful only for a model where the deci-
sion frequency is monthly. However, it makes more
sense to interpret our model on an annual rather
than monthly frequency. Nevertheless, we consider
this constraint here to understand its effect.

2.2.7. More Than One Stock. So far, the model
considers only the case where the investor can hold
only one risky asset. To extend the model to the case
where the investor can hold multiple risky assets, let
N; ;,; be the number of shares of stock j={0,..., ]}
bought at time s = {0,..., T} and kept at time ¢ =

{s,..., T}. The investor’s objective function may be

written as -
max E .
Ci/Nj st 1-— Y

Likewise, the budget constraint for all ¢ may be
written as

] t—1

C=C_r— Z|:N] t,tpj,t+ Z(I\]]s -1 Nj,s,t)
j=1 s=0

'(Pj,t_T(Pj,t_Pj,s))j|/

where P, , is the price of the jth stock at time . Finally,
the short-sale constraints are

N ;=N 1=--=2N >0 forallj,t

3. Characteristics of the Optimization

Problem

In this section, we identify several attractive prop-
erties of the dynamic portfolio problem described
above that can be exploited to efficiently compute
the optimal portfolio policy using a standard non-
linear programming algorithm such as SNOPT (Gill
et al. 2002). Recognizing these properties allows one
to solve problems with more periods (as many as 10)
or more stocks in which the agent can invest (up to
four stocks when there are four periods and up to
two stocks for the case where there are seven periods)
than the ones considered in Dybvig and Koo (1996).
This also allows one to consider other features of the
real world not considered by Dybvig and Koo such as
transaction costs, dividends, intermediate consump-
tion, labor income, tax reset provision at death, and
wash-sale constraints.
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The basic model proposed in Equations (1), (2), and
(3) is a nonlinear optimization problem subject to lin-
ear constraints.* Moreover, its objective is to maximize
a concave function. Much is known about how to
solve these problems. First, for concave problems, we
know that there exist nonlinear programming algo-
rithms that will converge to a global maximizer from
any starting point. In addition, the linearity of the
constraints implies that the iterates generated by the
algorithm may always remain feasible.

Another advantageous feature of problem (1)—(3) is
that its objective and constraint functions are sparse;
that is, only a few of the decision variables appear in
each of the constraint and objective functions. Hence,
sparse numerical linear algebra techniques can be
used to reduce the amount of storage and the alge-
braic computations needed to solve this problem.

Finally, note that the objective function (2) is sepa-
rable; that is, the objective function is a summation of
terms and only one decision variable appears in each
term. Again, most optimization algorithms can take
advantage of this feature.

The binomial tree employed to model the stock
price, however, implies that the number of variables
and constraints in problem (1)—(3) will increase expo-
nentially with the number of time periods. In partic-
ular, one can show that for S stocks and T periods,
the number of variables, equality constraints, and
inequality constraints is

variables = (T +1)(S+ 1)1,
(S+1)T+1 -1
S 7

(S(T+1)—1)(S+1)T+14+1
_—

equality constraints =

inequality constraints =

We can use the above expressions to get an idea of the
size of this model. For instance, when there is a sin-
gle stock and seven periods, there are 2,048 variables,
255 equalities, and 1,793 inequalities. For one stock
and 10 periods, there are 22,528 variables, 2,047 equal-
ities and 20,481 inequalities. Finally, for two stocks
and seven periods, there are 52,488 variables, 3,280
equalities, and 49,208 inequalities.

Despite the large size of problem (1)-(3), its fav-
orable features—concavity and separability of the
objective, linearity of constraints, and sparsity—allow
nonlinear programming algorithms to solve it effi-
ciently (see Luenberger 1984, Nocedal and Wright
1999 for an introduction to nonlinear programming).

* The basic model remains a nonlinear optimization problem sub-
ject to linear constraints for all of the suggested extensions except
when wash-sale constraints are added. The wash-sale constraints
are nonlinear, nonconvex constraints known in the nonlinear pro-
gramming literature as complementarity constraints; see Luo et al.
(1996).

In particular, using the nonlinear programming soft-
ware SNOPT of Gill et al. (2002), we solve problems
with up to 10 periods and one stock or seven periods
and two stocks.”

Dybvig and Koo (1996), on the other hand, proposed
two different algorithms to solve problem (1)-(3) but
could only solve problems of up to four periods and
one stock. Both of their algorithms transform the prob-
lem into an unconstrained optimization problem and
then solve it.

Their first algorithm eliminates the budget and
short-sale constraints by introducing a huge num-
ber of decision variables corresponding to all possible
activities the investor may undertake. One such activ-
ity, for instance, would be to buy one share of stock
at time T — 2, sell it at time T — 1 only if the stock
price increases, and otherwise sell it at time T. There
are two difficulties associated with this reformula-
tion. One, the resulting objective function is no longer
separable and sparse, and two, the number of activi-
ties the investor may undertake is huge, for instance,
a problem with seven periods has 4.4 x 10* variables.
Even with today’s computing capacity, it would be
impossible to solve a problem with such a large num-
ber of variables. In contrast, the number of decision
variables in problem (1)—(3) is only 2,048.

Their second algorithm transforms the original
problem (1)—(3) into an unconstrained problem with
a smaller number of decision variables. In particular,
the only decision variables left after transforming the
problem are the number of shares of stock held by the
investor at each date and state. Unfortunately, Dybvig
and Koo (1996) show that the resulting optimization
problem is nonsmooth. Solving nonsmooth problems
is much harder than solving smooth problems.® Not
surprisingly, they report numerical difficulties when
trying to use this algorithm.

Thus, the transformed unconstrained problems pro-
posed by Dybvig and Koo (1996) are more difficult
to solve than the original linearly constrained prob-
lem. We believe it is easier and more efficient to apply
a standard nonlinear programming algorithm, such
as SNOPT (Gill et al. 2002), to solve problem (1)—(3)
directly, as illustrated in the next section.

4. Properties of the Optimal

Portfolio Policies
In this section, we use SNOPT to solve the problem
of choosing the optimal portfolio policy in the pres-
ence of a tax on capital gains. We solve investment

® Gupta and Murray (2000) use SNOPT to compute optimal port-
folio policies for investors with other utility functions. Portfolio
optimization problems can also be solved by using stochastic pro-
gramming (see Birge and Louveaux 1997, DeMiguel and Nogales
2002).

¢ See Clarke (1983) for an introduction to nonsmooth optimization.
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problems with seven periods and one stock, seven
periods and two stocks, and 10 periods and one stock.”

We use these solutions to analyze the characteris-
tics of the optimal portfolio policies and examine the
sensitivity of the portfolio policies to the investor’s
risk aversion, the mean and volatility of stock returns,
the presence of transaction costs, dividends, interme-
diate consumption, labor income, tax reset provision
at death, asymmetric taxation, and wash-sale con-
straints, and the number of stocks and time periods.

We also compare the optimal investment policy to
the suboptimal policy obtained by using the weighted
average purchase price as the tax basis. Herein, we
call the optimal policy true tax basis policy and the
suboptimal policy average tax basis policy.® To better
understand the magnitude of the difference between
the true and average tax basis policies, we also
compute the following suboptimal policies: (i) the
buy-and-hold policy, (ii) the realize-all-capital-gains-
and-losses policy, and (iii) the augmented-buy-and-
hold policy, as suggested by Dammon et al. (2001). In
the buy-and-hold policy, the investor can buy stock
on the first date, but is not allowed to buy or sell
stock ever after, except on the final date. In the realize-
all-gains-and-losses policy, the investor can choose
how much stock to hold at the end of each date, but
she is forced to realize all capital gains and losses at
the beginning of each date. Finally, the augmented-
buy-and-hold policy is the buy-and-hold policy aug-
mented to allow the investor to realize her losses to
obtain tax rebates but hold on to the gains.

4.1. Optimal Portfolio Policy in the Basic
Model with Benchmark Parameters

In this section, we first report the benchmark param-
eter values used for analyzing the basic model. We
label the problem with the basic model and the bench-
mark parameter values the “base case.” We then
describe the optimal portfolio policy using the true
tax basis for the benchmark parameter values, and
conclude by comparing the optimal policy to the
approximate policy obtained when using the aver-
age tax basis. Then, we examine the sensitivity of our
results to the choice of parameter values in §4.2 and
to the modeling assumptions in §4.3.

7 We also solve the problem with four periods and four stocks but
the results for this case are not reported.

8 The basic model in Equations (1), (2), and (3) can be modified to
compute the average tax basis policy by introducing the additional
constraint N, , = ¢,N, ,_; for all ¢ and s < t. This is equivalent to
forcing the investor to sell at each date f the same proportion ¢,
of the shares she holds for each different tax basis. Note that these
additional constraints are nonlinear constraints because the com-
ponents of ¢, are decision variables. Thus, unlike with dynamic
programming, the average tax basis policy is harder to compute
with nonlinear programming than the true tax basis policy.

4.1.1. Benchmark Parameter Values. For the base
case, we use an investment problem with a horizon
of seven periods and one stock. The stock price is
assumed to follow the multiplicative binomial pro-
cess described in He (1990), with expected annual rate
of return of 10% and annual volatility of 20%. The
pre-tax risk-free rate is assumed to be 6%. We further
assume for our base case that there are no transaction
costs and the stock pays no dividends. We consider an
investor who has power utility with a risk-aversion
parameter y =3, whose initial endowment is $1, does
not receive any additional labor income, and only
consumes at the final date. Finally, for the base case
we also assume that there is no tax reset provision
at death, that short and long-term capital gains are
taxed at the same rate of 35%,” and that wash sales
are allowed.

4.1.2. The True Tax Basis Policy. We compute the
true tax basis policy using SNOPT to solve the base
case problem.”” The top panel in Figure 1 shows the
stock-to-wealth ratio for the true tax basis policy for
each of the 128 paths in the binomial tree for the
first seven dates.” At t =1 the stock-to-wealth ratio
is 53% for all 128 paths. At t =2, for those paths
where the stock price goes up (paths 65-128) the ratio
increases to 58%, while for those paths for which the
stock price goes down (1-64) the stock-to-wealth stays
at 53%. Each time the stock price increases, the pro-
portion of stock-to-wealth increases because the tax
on capital gains deters the investor from rebalancing
optimally. On the other hand, when the stock price
goes down, the stock-to-wealth ratio remains rela-
tively unchanged; this is because the investor under-
takes a wash sale that reduces substantially the effect
of the tax on capital gains.

From the top panel of Figure 1, we see that the
investor’s stock-to-wealth ratio varies between 53%
and 66%, whereas in the absence of taxes, an investor
faced with the base case problem would hold a con-
stant stock-to-wealth ratio of 36%.!? Note that, as
reported in Dammon et al. (2001), in the presence
of capital gains taxes the investor holds a substan-
tially larger proportion of stock. This is partly because

°The long-term capital gains tax in the U.S. tax code is 20% but
here we set it to be 35% to be consistent with other papers in this
literature, for instance, Dammon et al. (2001); the case where short-
and long-term capital gains are taxed at different rates is analyzed
in §4.3.6.

10SNOPT is accurate to eight significant digits of the objective func-
tion. This implies that the accuracy of the decision variables and
the certainty equivalent is approximately four significant digits.

! The investor optimally sells all her stock at the last date to finance
consumption.

2The optimal portfolio policy in the absence of taxes can be
obtained by solving problem (1)-(3) with 7=0%.
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Figure 1 True Tax Basis Policy for the Base-Case Problem
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Note. This figure graphs the true tax basis policy for the base-case problem.
The top panel gives the stock-to-wealth ratio for each of the 128 paths in the
binomial tree and for each of the first seven dates. The bottom panel gives
the proportion of secondary stock; that is, the proportion of stock held at a
tax basis different from the basis of the majority of the stock.

taxes effectively reduce the after-tax volatility of the
stock and partly because of the value of the tax-
timing option. In addition, note that in the presence of
taxes the investor no longer holds a constant stock-to-
wealth ratio. As is well known, this is because in the
presence of taxes there is a trade-off between the gains
from optimal diversification and the taxes incurred
from trading to reach the optimal portfolio position.'

4.1.3. Comparison with Suboptimal Portfolio Pol-
icies. There are several dimensions along which
one can compare the true tax basis policy with
the four suboptimal policies: the average-basis pol-
icy (avgbase), the buy-and-hold policy (buyhold),
the augmented buy-and-hold policy (augbuy), and
the realize-all-capital-gains-and-losses policy (realize).

13 See Dammon et al. (2001) and Garlappi et al. (2001) for a detailed
analysis of this trade-off.

One way is to compute the certainty equivalent value
resulting from a particular portfolio policy and then
computing the percentage difference between the cer-
tainty equivalent under the optimal policy and the
suboptimal policies.'* A second comparison is in
terms of the proportion of shares purchased at dif-
ferent dates and the taxes paid under each portfolio
strategy. A third way is to compare the actual portfo-
lio policies. We compare below the optimal and sub-
optimal portfolio policies using these three measures.

The buy-and-hold, the realize-all-capital-gains-and-
losses, and the augmented-buy-and-hold policies
yield a certainty equivalent loss of 0.48%, 1.09%,
and 0.08%, respectively, with respect to the true tax
basis policy. Note that, while the certainty equivalent
losses incurred by the buy-and-hold and the realize-
all-capital-gains-and-losses are considerable, the loss
incurred by the augmented-buy-and-hold policy is
very small, similar to the finding in Dammon et al.
(2001).

But what is more interesting is that the difference
between the true and average policies in terms of cer-
tainty equivalent is negligible (0.00%). We find this
result surprising. The difference between the true and
average policies stems from the fact that when sell-
ing stock, the investor using the true tax basis can
sell those shares with the highest tax basis first. The
investor using the average tax basis, on the other
hand, effectively sells the same proportion of the
shares she holds for each different tax basis. One
would expect that by selling the shares with high-
est tax basis first, considerable tax savings could be
achieved. Our numerical results, however, show the
opposite.

But an examination of the portfolio policies under
the true tax basis and the policies under the aver-
age basis shows that there are two reasons why
their certainty equivalents are almost identical. The
first reason is that an investor following the optimal
investment policy almost never holds shares bought
at more than one date. This can be observed from
the lower panel of Figure 1, which shows the pro-
portion of stock held at a secondary basis; that is, the
proportion of stock held at a basis different to the
tax basis of most of the stock. Note that this propor-
tion is below 10% at all dates and scenarios, and is
lower than 1% on average. Consequently, there is lit-
tle advantage in being able to sell those shares with
the highest tax basis first, because most of the time all
shares have the same tax basis. The explanation for
this low proportion of secondary basis stock is that,
when the stock price goes up, a risk-averse investor
would rarely purchase any additional shares of stock

1 We define the certainty equivalent as the inverse utility function
of the expected utility; that is, certainty equivalent = u~"'(Eu(w)).
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because of diversification reasons. Consequently, the
tax basis of the shares held after an increase in the
stock price is the same as in the previous time period.
On the other hand, when the stock price goes down,
to get a tax rebate the investor sells all those shares
whose tax basis is above the current stock price, and
then buys shares at the current stock price (this can be
seen from the lower panel of Figure 1, where we can
see for the first 64 paths the investor typically holds
shares with only a single tax basis, and even when
shares with a second tax basis are held the proportion
is less than 4%). The only circumstance under which
an investor holds shares with two different tax basis
is when the stock price goes down, and she holds
shares with a tax basis lower than the current stock
price. In this case, the investor would usually keep all
shares whose tax basis is lower than the current stock
price to avoid paying taxes and would buy additional
shares at the current price for diversification reasons.

The second reason why the difference between the
true and average tax basis policies is so small is that
both the total amount of taxes paid by the investor
and the total amount of tax rebates obtained by the
investor are very small. In particular, we find that
the tax-to-wealth ratio for the true tax basis policy
is always between —2% and 2%, and is on average
less than 1% for all time periods. Again, there is little
disadvantage from approximating the true tax basis
by the weighted average purchase price when the tax
payments and rebates are such a small proportion of
total wealth. Consequently, the stock-to-wealth ratio
for the average tax basis policy is very similar to that
of the true tax basis policy shown in the top panel of
Figure 1.

4.2, Sensitivity to Parameter Values for Stock
Returns and Risk Aversion

To understand whether the small difference in the
exact and approximate tax basis policies is driven
by our choice of benchmark parameter values, we
analyze how the difference between these policies
depends on our choice of parameter values for the
expected annual rate of return and volatility of the
stocks, and for the investor’s risk aversion. We solve
problems with expected returns ranging from 8% to
14%, volatilities ranging from 15% to 25%, and rela-
tive risk-aversion parameters ranging from 2 to 4. We
keep the rest of the parameters as in our base case,
and we report only the comparison based on the cer-
tainty equivalent measure.

The certainty equivalents associated with the opti-
mal policy and the four suboptimal policies are given
in Table 1. The first column of this table gives the
investor’s risk-aversion parameter (7y), the second col-
umn gives the expected annual rate of return (u) on
the stock, and the third column gives the volatility

Table 1 Sensitivity to Risk Aversion and the Mean and Volatility of
Stock Returns
Parameters CEQ CEQ loss
Yy M o (trubase) (avgbase) (buyhold) (realize) (augbuy)
2 008 015 1.8206 0.00% 0.39% 1.42%  0.02%
0.20 1.7859 0.00% 0.38% 0.87%  0.05%
0.25  1.7697 0.00% 0.36% 0.60%  0.08%
010 0.15 2.0336 0.00% 0.66% 2.80%  0.05%
0.20  1.9003 0.00% 0.67% 1.72%  0.06%
0.25 1.8411 0.00% 0.69% 1.15%  0.16%
012 0.15  2.4459 0.07% 1.42% 415%  0.73%
020 2.1038 0.00% 0.88% 2.67%  0.04%
0.25  1.9631 0.00% 0.93% 1.78%  0.15%
014 015  3.2259 0.32% 4.40% 548%  4.01%
020 24322 0.02% 1.24% 3.61%  0.24%
0.25 2.1496 0.00% 1.07% 2.49%  0.08%
3 008 015 1.5539 0.00% 0.26% 0.92%  0.02%
0.20  1.5343 0.00% 0.26% 0.57%  0.05%
0.25 1.5252 0.00% 0.25% 0.39%  0.06%
0.10 0.15 1.6716 0.00% 0.42% 1.80%  0.02%
0.20 1.5982 0.00% 0.48% 1.09%  0.08%
0.25  1.5654 0.00% 0.50% 0.73%  0.16%
012 015 1.8875 0.00% 0.51% 2.73%  0.04%
0.20 1.7084 0.00% 0.62% 1.66%  0.07%
025 1.6327 0.00% 0.72% 1.10%  0.23%
0.14 0.15 22562 0.05% 0.76% 3.56%  0.49%
020 1.8794 0.00% 0.69% 2.31%  0.03%
025 1.7323 0.00% 0.85% 151%  0.22%
4 008 015 1.4703 0.00% 0.20% 0.68%  0.02%
0.20  1.4565 0.00% 0.20% 0.42%  0.04%
0.25  1.4500 0.00% 0.19% 0.29%  0.05%
010 0.15 1.5524 0.00% 0.33% 1.31%  0.02%
0.20 1.5014 0.00% 0.38% 0.79%  0.09%
0.25 1.4784 0.00% 0.40% 0.53%  0.15%
012 0.15 1.6990 0.01% 0.35% 2.00%  0.01%
020 15775 0.00% 0.51% 119%  0.11%
0.25 1.5254 0.00% 0.60% 0.79%  0.24%
0.14 0.15 1.9381 0.00% 0.26% 2.63%  0.05%
020 1.6927 0.00% 0.55% 1.63%  0.07%
0.25  1.5939 0.00% 0.74% 1.07%  0.28%

Note. This table shows the certainty equivalent (CEQ) value for different val-
ues of the investor’s risk aversion (y) and the parameters governing the
mean (u) and volatility (o) of stock returns, which are given in the first
three columns. The fourth column gives the certainty equivalent of the true
basis policy (trubase) and the last four columns give the percentage loss
in certainty equivalent incurred by each of the four suboptimal policies:
the average-basis policy (avgbase), the buy-and-hold policy (buyhold), the
realize-all-capital-gains-and-losses policy (realize), and the augmented buy-
and-hold policy (augbuy).

of stock returns (o). The fourth column gives the
certainty equivalent of the true basis policy (trubase),
and the last four columns give the percentage loss
in certainty equivalent incurred by each of the four
suboptimal policies: the average-basis policy (avg-
base), the buy-and-hold policy (buyhold), the realize-
all-capital-gains-and-losses policy (realize), and the
augmented-buy-and-hold policy (augbuy).

The main conclusion from this table is that the dif-
ference between the exact and approximate policies
is larger when the expected stock return is larger,
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the volatility is smaller, and the risk-aversion param-
eter is smaller. All these cases correspond to the situ-
ation where an investor holds a larger proportion of
her wealth in stock, and consequently, the effect of
capital gains tax is greater. Note that the largest per-
centage loss in using the average tax basis policy is
0.32%, and occurs for the portfolio problem with risk
aversion 2, stock expected rate of return of 14%, and
volatility of 15%. Herein, we refer to these param-
eter values as the “stock-only case” because it involves
holding a levered position in stock; the stock-only
case is not very realistic because it leads to a stock-
to-wealth ratio larger than 2 for all dates and states,
but this extreme case is useful for obtaining an upper
bound to the certainty equivalent loss that an investor
may incur when using the average tax basis policy.

4.3. Sensitivity to Model Refinements

Given that even for extreme parameter values the
difference between the optimal portfolio policy and
the average tax basis policy is quite small for the
basic model, in this section we analyze how the
portfolio policies are affected by a variety of refine-
ments to the basic model, such as the introduction of
transaction costs, stock dividends, intermediate con-
sumption, labor income, tax reset at the last date,
asymmetric taxation of long-term and short-term cap-
ital gains, and wash-sale constraints. A detailed anal-
ysis of each of these model refinements is given below
in §§4.3.1-4.3.7, with a summary of the results pre-
sented in §4.3.8.

4.3.1. Transaction Costs. We examine the portfo-
lio policies under the true and average tax basis for
the base case problem in the presence of a 1% pro-
portional transaction cost. Figure 2 gives the stock-to-
wealth ratio of the true tax basis policy.

Not surprisingly, Figure 2 shows that in the pres-
ence of transactions costs the investor holds a port-
folio that is much less diversified relative to the base
case without transactions costs. In particular, the
investor’s stock-to-wealth ratio ranges from 30% to
65% in the presence of transaction costs, whereas it
ranges from 53% to 66% in the absence of transaction
costs.

Moreover, by examining the computed true tax
basis policy we note that transactions costs also deter
the investor from using wash sales. Consequently, the
investor holds shares with two or more different tax
basis more frequently. In particular, we note that the
investor holds up to 25% of stock bought at secondary
tax basis for some of the paths for which the stock
price decreases at t =2. Thus, one might expect the
difference in certainty equivalent under the true and
exact policies to be larger. However, a second effect of
the transaction costs is that it reduces trading volume
so that the investor buys and sells less. In particular,

Figure 2 True Tax Basis Policy for the Base-Case Problem with

Transaction Costs

Stock-to-wealth ratio

Note. This figure graphs the stock-to-wealth ratio of the true tax basis policy
for the base-case problem with a proportional transaction cost of 1%. The
stock-to-wealth ratio is given for each of the 128 paths in the binomial tree
and for each of the first seven dates.

we observe that, when following the true tax basis
policy, the investor starts out holding 0.44 shares at
date t =0 and keeps the same 0.44 shares for almost
all paths for which the stock price goes up at t =2.
The reduced trading volume offsets the benefits from
using the true tax basis policy in the presence of mul-
tiple tax basis. As a result, the difference between the
certainty equivalent of the exact and average tax poli-
cies remains negligible for the benchmark parameter
values (below 0.01%) and is reduced in the presence
of transaction costs from 0.32% to 0.06% for the stock-
only parameter values.

4.3.2. Dividends. We compute the true and aver-
age tax basis policies for an investment problem with
a stock with a nominal dividend yield of d =1.85%
and an expected before-dividend rate of return of 8%.
Thus, the total rate of return (including dividends)
is 10% as in our base case. We keep the rest of the
parameters equal to their benchmark values given
in §4.1.

An interesting effect of dividends is that they make
the stock less attractive to the investor. The reason is
that dividends are taxed and thus the investor loses
part of her option to defer gains. As a result, the
investor holds only 51% of her wealth in the stock in
the presence of dividends while she holds 53% in our
base case.

Our numerical results show that the difference in
certainty equivalent between the true and average tax
basis is very small also in the presence of dividends.
In particular, the difference remains negligible for the
benchmark parameters and remains at 0.32% for the
stock-only parameter values.
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4.3.3. Intermediate Consumption. If an investor
needs to finance intermediate consumption, then she
will need to sell stock and realize capital gains. Thus,
one might expect that the desire for intermediate con-
sumption will lead to an increase in the certainty
equivalent difference under the exact tax basis and
average tax basis policies.

We solve our base-case problem for an investor
that derives utility from consumption at all dates.
We observe that when intermediate consumption is
introduced, the investor buys stock at the first date
and then sells stock at every subsequent date to
finance consumption. Consequently, all stock held by
the investor has the same tax basis. This explains why
the true and average tax basis policies yield the same
certainty equivalents both for the benchmark param-
eter values and the stock-only parameter values; there
is no advantage in using the true tax basis if all the
stock held by the investor has the same tax basis.

4.3.4. Labor Income. In the presence of labor in-
come, the investor will need to reinvest a part of her
nonfinancial income to have a diversified portfolio,
which will lead to stock holdings with multiple tax
basis.

We solve our base case problem with the additional
assumption that, at each date, the investor obtains
15% of her pre-tax wealth as labor income.'® Figure 3
gives the stock-to-wealth ratio for the true tax basis
policy.

By examining the true tax basis policy, we note
that when the investor obtains labor income, she buys
stock more frequently. In particular, the investor
sometimes buys stock even when the stock price
increases. As a consequence of this effect, the investor
holds stock with more than one tax basis more often
than in the absence of labor income. But another
effect of labor income is that the investor rarely sells
any stock. These two effects offset each other and
the difference in certainty equivalent between both
policies changes very little in the presence of labor
income. In particular, it remains very small for the
base-case parameter values (0.050%), and decreases
only slightly (from 0.31% to 0.29%) for the stock-only
parameter values.

4.3.5. Tax Reset Provision at the Last Date. Dam-
mon et al. (2001) show that the effect of tax forgive-
ness on the investor’s portfolio policies depends sig-
nificantly on the investor’s bequest motives; that is,
on how much the investor values his own consump-
tion as compared to that of her beneficiaries’ after
her death. To analyze this dependence we consider
two different cases: (i) a case with intermediate and
terminal consumption, where the bequest motive is

1> Dammon et al. (2001) model labor income in the same manner.

Figure 3 True Tax Basis Policy for the Base-Case Problem with Labor

Income
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Note. This figure graphs the stock-to-wealth ratio of the true tax basis policy
for the base-case problem with labor income of 15% of the pre-tax wealth.
The stock-to-wealth ratio is given for each of the 128 paths in the binomial
tree and for each of the first seven dates.

represented by the consumption at the terminal date,
and (ii) a model without intermediate consumption,
where the investor has only bequest motives. That is,
the case with intermediate consumption represents a
situation with weaker bequest motives.

We compute the true and average tax basis poli-
cies with and without intermediate consumption in
the presence of the tax reset provision at death. The
top and bottom panels of Figure 4 give the stock-to-
wealth ratio for the cases without and with interme-
diate consumption, respectively.

We find that tax forgiveness makes the stock a more
attractive asset. In particular, the investor’s stock-
to-wealth ratio is higher. For instance, in the case
without intermediate consumption and tax forgive-
ness the ratio ranged between 56% and 87%, whereas
in the base case without intermediate consumption
it ranged between 53% and 66%. In the case with
intermediate consumption and tax forgiveness the
ratio ranged between 50% and 273%, whereas in the
base case with intermediate consumption it ranged
between 54% and 65%.

Moreover, Dammon et al. (2001) show that in the
presence of the tax reset provision, an investor tends
to hold a larger proportion of stock as she becomes
older. Figure 4 shows this is true even for the opti-
mal portfolio policy obtained using the true tax basis.
In particular, the stock-to-wealth ratio increases with
time even for the first 64 paths, where the stock price
goes down at t =2. In addition, note that this effect is
more pronounced in the case with intermediate con-
sumption because the investor prefers to borrow cash
to finance intermediate consumption and holds on
to stocks to take full advantage of tax forgiveness.



DeMiguel and Uppal: Portfolio Investment with the Exact Tax Basis via Nonlinear Programming

Management Science 51(2), pp. 277-290, © 2005 INFORMS

287

Figure 4 True Tax Basis Policy for the Base-Case Problem with Tax

Reset Provision at Death
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Note. This figure graphs the true tax basis policy for the base-case problem
with the tax reset provision at death. The top panel gives the stock-to-wealth
ratio for the case without intermediate consumption, for each of the 128
paths in the binomial tree and for the first seven dates. The bottom panel
gives the stock-to-wealth ratio for the case with intermediate consumption.

As a result, the stock-to-wealth ratio grows large in
the last few periods. This insight matches the one in
Dammon et al. (2001) that, with a weaker bequest
motive, the growth of the stock-to-wealth ratio with
investor’s age is more pronounced.

Also, Figure 4 shows that at the penultimate date
the investor sells all those shares whose tax basis is
higher than the current stock price to capture the tax
rebate while continuing to hold all those shares for
which the tax basis is below the current stock price to
take advantage of the tax reset provision at death.

Finally, the difference in certainty equivalent be-
tween the true and average tax basis policies remains
very small even in the presence of the tax reset pro-
vision at death. In particular, the difference is zero
for the case with intermediate consumption both with
the base-case and the stock-only parameter values

because the investor buys stock only on the first
date. For the case without intermediate consumption,
the difference remains very small for the base-case
parameter values (below 0.01%), but increases from
0.31% to 1.46% for the stock-only parameter values.
The explanation for this larger certainty equivalent
loss is twofold. First, with tax forgiveness at death
the investor holds more stock in her portfolio. Sec-
ond, with tax forgiveness at death the investor ben-
efits more from selling those shares with the highest
tax basis first because she keeps the shares with the
lowest tax basis until the final date, and then she does
not have to pay any taxes on them. Thus, the investor
may avoid paying taxes all together on those shares
that she bought at the lowest prices.

4.3.6. Asymmetric Taxation. In this section, we
discuss how the existence of different short-term tax
rates (for shares bought less than a year ago) and
long-term tax rates (for shares bought more than
a year ago) affects the difference between the true
and average tax basis policies. Constantinides (1984)
shows that the existence of a lower long-term tax rate
may persuade investors to realize all capital gains at
the long-term tax rate simply by realizing the gain
one day after the end of the year to reset the option to
realize short-term losses the following year (by realiz-
ing any losses one day before the end of the following
year). In particular, Constantinides (1984) gives con-
ditions under which it is optimal to realize all capital
gains and losses every year.

Our base-case and stock-only case (assuming a
short-term tax rate of 35% and a long-term tax rate of
20%) satisfy the conditions given by Constantinides
(1984). Thus, in the presence of asymmetric long- and
short-term tax rates, the true and average tax basis
policies are exactly equal for both the base-case and
the stock-only parameter values.

4.3.7. Wash-Sale Constraints. In the presence of
wash-sale constraints, an investor with an embedded
capital loss has to choose between buying stock to
diversify her portfolio or selling stock to obtain a tax
rebate because the constraint rules out undertaking
both activities simultaneously. As a consequence, the
investor with an embedded capital loss is more likely
to hold stock with more than one tax basis than the
investor that is not wash-sale constrained.

We solve our problem for the base-case and stock-
only parameters in the presence of wash-sale con-
straints. Figure 5 gives the stock-to-wealth ratio and
the proportion of secondary stock, respectively. The
lower panel in Figure 5 shows that in the presence of
a constraint on wash sales, the investor holds stock
with more than one tax basis for the first 64 paths,
where the price goes down after the first date. As a
consequence, the difference between using the true or
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Figure 5 True Tax Basis Policy for the Base-Case Problem with Wash- Table 2 Sensitivity to Model Refinements
Sale Constraints
Base-case parameters  Stock-only parameters
Stock-to-wealth ratio

LT CEQ CEQ loss CEQ CEQ loss

Model refinement (trubase) (avgbase) (trubase) (avgbase)
0.75 None: Basic model 1.5982 0.00% 3.2258 0.31%
o 070 Transaction costs 1.5642 0.00% 2.9374 0.06%
T 065 Stock dividends 1.6945 0.00% 4.7614 0.57%
£ 0.60 Intermediate consumption  0.0554 0.00% 0.0269 0.00%
S 055 Labor income 4.4249 0.05%  10.165 0.29%
E 0.50 Tax reset at last date 1.7467 0.00% 4.8011 1.47%
% 0.45 Asymmetric taxation — 0.00% — 0.00%
% 0.40 Wash-sale constraints 1.5946 0.05% 3.2187 0.31%

g:zz Note. This table gives the certainty equivalent (CEQ) of the true and average
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Note. This figure graphs the true tax basis policy for the base-case problem
with wash-sale constraints. The top panel gives the stock-to-wealth ratio for
each of the 128 paths in the binomial tree and for each of the first seven
dates. The bottom panel gives the proportion of secondary stock; that is, the
proportion of stock held at a tax basis different from the basis of the majority
of the stock.

the average tax basis policies is expected to be larger
than in the absence of wash-sale constraints. In fact,
the difference in certainty equivalent between both
policies goes up to 0.047% for the base-case param-
eter values. However, the difference for the stock-only
parameter values stays at 0.31%. The reason for this
is that for the parameter values in the stock-only case,
when the stock price goes down, it goes down by a
factor very close to one (0.99). As a consequence, the
effect of wash sales has little importance for the stock-
only parameter values.

Finally, note that the first panel in Figure 5 also
confirms the intuition in Garlappi et al. (2001) that
a wash-sale constrained investor with a capital loss
buys more and sells more than an investor who is
not wash-sale constrained. In particular, note how

tax basis policies first for the basic model and then for several model refine-
ments for both the base-case parameter values and the stock-only parameter
values.

the investor’s stock-to-wealth ratio oscillates between
high and low values for the first 64 paths in the first
panel of Figure 5.

4.3.8. Summary of CEQ Loss Under Various
Model Refinements. In this section, we summarize
the results from the analysis of the various model
refinements considered above. We report in Table 2
how the difference between the certainty equivalent
of the true and average tax basis policies is affected
by the various model refinements considered below.
The first column of the table describes the particu-
lar refinement being considered. The second column
gives the certainty equivalent of the true basis pol-
icy (trubase) and the third column gives the per-
centage loss in certainty equivalent incurred by the
average-basis policy (avgbase) under the base-case
parameters, while the fourth and fifth columns report
the same quantities for the stock-only parameters.
The results for the stock-only parameters effectively
gives an upper bound to the certainty equivalent loss
incurred by an investor using the average tax basis
policy.

From Table 2, we see that for the more realistic base-
case parameter values, the certainty equivalent (CEQ)
loss from using the suboptimal policy based on the
average tax basis is always less than 0.1%. Even for the
more extreme stock-only parameter values, the CEQ
loss from using a suboptimal portfolio strategy based
on the average tax basis is always less than 1.5%.

4.4. Sensitivity to Number of Stocks and
Correlation

So far, we considered the portfolio problem of an
investor who can invest in only a single stock in addi-
tion to the risk-free asset. The portfolio problem with
multiple risky assets in the presence of capital gains
tax has been studied in detail in Dammon et al. (2002),
Garlappi et al. (2001), and Gallmeyer et al. (2001).
In contrast to these papers, where the tax basis is
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Table 3 Sensitivity to Number of Stocks and Correlation Table 4 Sensitivity to Number of Periods
Base-case parameters Stock-only parameters Base-case parameters Stock-only parameters
. CEQ CEQ loss CEQ CEQloss  Number of CEQ CEQ loss CEQ CEQ loss
Correlation (tl’ubase) (anbase) (trubase) (anbase) periods (T) (trubase) (avgbase) (trubase) (avgbase)
0.5 1.63074 0.00% 2.76534 0.25% 7 1.59819 0.000% 3.92585 0.32%
0.9 1.59912 0.00% 2,20368 0.09% 8 1.71128 0.000% 3.84603 0.45%
. . . . . 9 1.83283 0.000% 4.59182 0.56%
Note. This table gives the certainty equivalent (CEQ) of the true tax basis 10 196346 0.004% 548725 0.78%

policy (trubase) and an upper bound on the percentage loss in certainty
equivalent incurred by the average tax basis policy (avgbase) for problems
with seven periods and two stocks and for correlation coefficient between the
returns of the stocks equal to p = {0.5, 0.9} for both the base-case parameter
values and stock-only parameter values.

approximated using the weighted average purchase
price, we consider the portfolio problem using the
exact tax basis.

We consider the problem with seven periods when
there are two stocks whose rates of return are corre-
lated with correlation coefficients equal to 0.5 or 0.9.
All other parameter values are the same as in the case
with a single stock. In particular, the stocks have an
expected annual rate of return of 10%, annual volatil-
ity of 20%, and it is assumed that they pay no div-
idends. We compute the true tax basis policy using
both the benchmark parameter values and stock-only
parameter values for the two stocks. We also com-
pute an upper bound on the certainty equivalent loss
incurred by using the average tax basis policy.!®

Table 3 gives the certainty equivalent of the true
tax basis policy and the upper bound on the loss in
certainty equivalent incurred by the average tax basis
policy. We find that the difference in certainty equiv-
alent between the true and average tax basis policies
is negligible (below 0.01%) for the base-case param-
eter values and small (below 0.25%) for the stock-
only parameter values. Moreover, the insight that the
investor rarely holds stocks with more than one dif-
ferent tax basis still holds when there are two risky
assets. In particular, the investor holds less than 1% of
secondary stock on average for the base-case param-
eters and for correlation coefficients of 0.5 and 0.9.
As expected, the certainty equivalent of the true tax
basis policy decreases when the correlation coefficient
increases.

4.5. Sensitivity to Number of Periods

In our analysis so far, we have considered problems
with only seven periods. We now solve a sequence of
problems with the number of periods T ={7, 8,9, 10}

16 This upper bound is generated by computing the certainty equiv-
alent obtained by an investor who holds the same number of shares
as the investor following the true tax basis policy, but uses the
weighted average purchase price as the tax basis. This is a lower
bound on the certainty equivalent obtained by using the average
tax basis policy, and thus provides an upper bound on the certainty
equivalent loss.

Note. This table gives the certainty equivalent of the true tax basis policy
(trubase) and the percentage loss in certainty equivalent incurred by the aver-
age tax basis policy (avgbase) for problems with number of periods equal
to T =1{7,8,9,10} for both the base-case parameter values and stock-only
parameter values.

for both the base-case parameter values and stock-
only parameter values.

Table 4 gives the certainty equivalent for the true
and average basis policies. Note that the difference
in certainty equivalent between the true and average
basis policies remains negligible for problems of up
to 10 periods under the base-case parameter values.
On the other hand, for the less realistic stock-only
parameter values, the difference in certainty equiv-
alent grows with the number of periods, but stays
below 1% for problems with a horizon of T =10.

5. Conclusions

We have shown how to compute the optimal con-
sumption and portfolio policies of an investor sub-
ject to capital gains taxes using the exact tax basis
rather than the approximation used in the literature,
the weighted average purchase price. This is made
possible by recognizing the favorable features of the
problem—concavity and separability of the objec-
tive function, linearity of the constraints, and spar-
sity of the objective function and constraints—and
using nonlinear programming rather than dynamic
programming.

We determine the optimal portfolio policies for
problems of up to seven periods and two stocks, or
10 periods and one stock. The ability to solve larger
scale problems using the exact tax basis allows us
to compare the optimal policy with the suboptimal
policy obtained by approximating the tax basis by
the weighted average purchase price. We find that
the certainty equivalent loss from using the subopti-
mal policy based on the weighted average purchase
price is less than 1%. This certainty equivalent loss is
larger when the expected stock return is larger, the
volatility is smaller, and the risk-aversion parameter
is smaller, but it is still less than 1% even for relative
risk aversion ranging from two to four, for expected
stock returns ranging from 8% to 14%, and for the
volatility of stock returns ranging from 15% to 25%.
This is also true in the presence of transaction costs,
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dividends, intermediate consumption, labor income,
tax reset provision at death, wash-sale constraints,
and two risky stocks instead of one.

Our analysis also allows us to get new insights
about the properties of the optimal portfolio policy
and to confirm some of the findings in the litera-
ture based on approximating the true tax basis by
the weighted average purchase price. For example,
we find that an investor following the optimal invest-
ment policy rarely holds shares bought at more than
one date: the proportion of stock held at a basis dif-
ferent to the tax basis of most of the stock is typi-
cally less than 10%, and is lower than 1% on average.
In the presence of a capital gains tax, the investor
also reduces the volume of trading; consequently,
the investor’s stock-to-wealth ratio varies over time
whereas in the absence of taxes it would be constant.
Introduction of transaction costs lead the investor to
reduce trading further and also deter the investor
from using wash sales. The presence of cash divi-
dends and labor income, on the other hand, leads to
constant rebalancing of the investor’s portfolio, and
hence, an increase in the proportion of stock with
multiple tax bases. As in Dammon et al. (2001), we
find that in the presence of the tax reset provision
an investor tends to hold a larger proportion of stock
as she becomes older, and similar to the result in
Garlappi et al. (2001), we find that a wash-sale con-
strained investor with a capital loss buys more and
sells more than an investor who is not wash-sale
constrained.

Last but not least, just like the work of Dybvig and
Koo (1996) inspired us to find a better way for solving
the problem of portfolio selection in the presence of
taxes on capital gains, we hope that this paper will
lead other researchers to find new ways for attacking
this challenging problem.
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