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We study two different decomposition algorithms for the general (nonconvex) partially separable nonlinear program (PSP):
bilevel decomposition algorithms (BDAs) and Schur interior-point methods (SIPMs). BDAs solve the problem by breaking it
into a master problem and a set of independent subproblems, forming a type of bilevel program. SIPMs, on the other hand,
apply an interior-point technique to solve the problem in its original (integrated) form, but then use a Schur complement
approach to solve the Newton system in a decentralized manner. Our first contribution is to establish a theoretical relationship
between these two types of decomposition algorithms. This is a first step toward closing the gap between the incipient local
convergence theory of BDAs and the mature local convergence theory of interior-point methods. Our second contribution is
to show how SIPMs can be modified to solve problems for which the Schur complement matrix is not invertible in general.
The importance of this contribution is that it substantially enlarges the class of problems that can be addressed with SIPMs.
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1. Introduction. We consider the following partially separable nonlinear program (PSP):

min Fy(x, y) + B (x, y,) + -+ Fe(x, yg)

VY2 -0 K

s.t. ¢(x,y,)>0,
(%, y,) 20, (1)

CK(X7 yK) 20’

where x € R" are the global variables, y, € R for k = 1: K are the local variables, and ¢, (x, y;): R — R
and F (x, y,): A" — R for k =1:K are smooth functions. Note that the PSP is separable on the local vari-
ables; that is, if one sets the value of the global variables to a fixed value, the problem breaks into K independent
subproblems. This suggests decomposition algorithms may be used to solve the PSP advantageously.

We focus on two decomposition algorithms for the general (nonconvex) version of the PSP: bilevel decompo-
sition algorithms (BDAs) and SIPMs.! BDAs (Tammer [32], Braun and Kroo [6], DeMiguel and Murray [14])
solve the PSP by breaking it into a master problem and a set of K independent subproblems. These subproblems,
together with the master problem, form a particular type of bilevel program; for a review of bilevel programming
see the recent paper by Colson et al. [10] or the monographs (Shimizu et al. [31], Dempe [15]). Just as bilevel
programming methods, BDAs apply nonlinear optimization techniques to solve both the master problem and the
subproblems. At each iteration of the algorithm solving the master problem, each of the subproblems is solved,
and their minimizers are used to compute the master problem derivatives and their associated Newton direction.

Our motivation to consider BDAs is that they are very popular among engineers solving the so-called multi-
disciplinary design optimization problem (MDO) (Alexandrov and Hussaini [1], Cramer et al. [12], Haftka and

' Two popular types of decomposition algorithms for the convex version of the PSP are cutting-plane methods (Benders [3], Van Slyke
and Wets [33], Geoffrion [20], Ruszczynski [29], Medhi [25], Robinson [27]) and augmented Lagrangian methods (Cohen and Miara
[9], Rockafellar and Wets [28], Ruszczynski [30]). We do not consider cutting-plane methods because they rely heavily on convexity
assumptions. Likewise, the theory of augmented Lagrangian decomposition methods (Cohen and Miara [9], Rockafellar and Wets [28],
Ruszczynski [30]) depends on convexity assumptions. Moreover, augmented Lagrangian methods may converge slowly in practice (see
Helgason and Wallace [23], Chun and Robinson [8], DeMiguel and Murray [14]).
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Sobieszczanski-Sobieski [22]). The MDO arises in engineering design projects that require the consideration of
several disciplinary analysis. For instance, when designing an airplane, one must consider both a structural and
an aerodynamical analysis. Often, a different group of engineers is in charge of each of these disciplinary analy-
sis. Moreover, the different groups often rely on sophisticated software codes (known as legacy codes) that have
been under development for many years and whose method of use is subject to constant modification. Integrating
all of these codes into a single platform is judged to be impractical. In this context, BDAs are the method of
choice by engineers because of the high degree of flexibility these methods allow in the solution process. In
particular, when using BDAs, the different groups working on the disciplinary analysis are free to choose the
particular optimization algorithms they use to solve the disciplinary subproblems. This allows engineers to reuse
their software codes with only minor modifications. But there is an important downside to BDAs; namely, there
is analytical and numerical evidence that certain commonly used BDAs may fail to converge even when the
starting point is very close to the minimizer (Alexandrov and Lewis [2], DeMiguel and Murray [13]). Finally, it
is important to note that not all MDO problems can be formulated as PSPs. For instance, some MDO problems
may involve integer or categorical variables or for certain problems, it may not be possible to synthesize the
objectives of all disciplines into a single function. In this paper, we focus on the PSP formulation because it
remains analytically tractable while covering a significant subclass of MDO problems.

The second type of decomposition methods for the nonconvex PSP that we consider is Schur interior-point
methods (SIPMs). These methods apply an interior-point technique to solve the PSP in its original (integrated)
form, but then use a Schur complement approach to solve the Newton system (and thus compute the search
direction) in a decentralized manner. Thus SIPMs allow for a parallel solution of the linear algebra involved in
interior-point methods. The main advantages of SIPMs over BDAs is that they have lower cost per iteration and
can be shown to converge superlinearly or quadratically to a solution of the PSP. One disadvantage of SIPMs
is that they can only be applied to problems that satisfy the so-called strong linear independence constraint
qualification (SLICQ), whereas certain BDAs can deal with problems that do not satisfy SLICQ (Braun [5],
DeMiguel and Murray [14]). Roughly speaking, the SLICQ implies that the constraints of the PSP can be
eliminated and that, in the vicinity of the minimizer, the problem is an unconstrained one (DeMiguel and Murray
[14]). This assumption is not likely to hold for certain applications (such as MDO) where finding a feasible
solution is not straightforward. Another disadvantage is that the degree of flexibility provided by these approaches
is not as high as that of BDAs. In particular, when using an SIPM, one must use the same optimization algorithm
for all disciplinary analysis (in fact, to solve the whole problem) and there is flexibility only at the linear algebra
level.

Summarizing, BDAs allow for a high degree of flexibility, which makes them suitable for certain applied
problems such as MDO, while SIPMs are efficient and backed up by robust convergence theory for the case
where SLICQ holds.

Our contribution is twofold. Our first contribution is to establish a theoretical relationship between BDAs and
SIPMs. To do so, we consider a particular inexact BDA, which only takes one iteration to solve the subproblems.
We show that the search direction of this inexact BDA can be approximated as the solution to a linear system
that is closely related to the linear Newton system corresponding to SIPMs. Using this relationship, we analyze
the convergence properties of the inexact BDA. Because this inexact BDA is a close relative of the BDAs
used by engineers in practice, our analysis gives some insight into why some of the practical BDAs encounter
convergence difficulties. In this sense, we think our analysis is a first step toward closing the gap between the
incipient local convergence theory of BDAs (Alexandrov and Lewis [2], DeMiguel and Murray [14]) and the
mature local convergence theory of interior-point methods (Martinez et al. [24], El-Bakry et al. [16], Yamashita
and Yabe [36], Gould et al. [21]).

Our second contribution is to show how SIPMs can be applied to solve PSPs that satisfy only the conventional
linear independence constraint qualification LICQ but not the strong LICQ. We accomplish this task in two steps.
First, we show that any PSP satisfying the conventional LICQ can be regularized by introducing an exact penalty
function. Second, we show how degenerate optimization techniques can be used to ensure an SIPM will achieve
fast local convergence when applied to solve the regularized problem. The importance of this contribution is
that it substantially enlarges the class of problems that can be addressed with SIPMs.

The paper is organized as follows. In §2, we introduce some notation and assumptions. Section 3 describes
the two benchmark approaches to the nonconvex PSP: BDAs and SIPMs. In §§4 and 5, we introduce an inexact
BDA and analyze its relationship to SIPMs. In §6, we show how a PSP satisfying LICQ can be regularized by
introducing an exact penalty function. In §7, we show how the SIPM can be modified to ensure it achieves fast
local convergence when applied to solve the regularized problem. Section 8 concludes.
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2. Notation and assumptions. To facilitate the exposition and without loss of generality, herein we consider
the following simplified problem composed of only one subsystem (K = 1):

minimize F(x,y),
X, ¥, r
subject to ¢(x,y) —r=0, 2
r>0,

where x € R are the global variables, y € R"v are the local variables, r € R™ are the slack variables, and
c(x,y): Rt — R™ and F(x,y): R — R are smooth functions. Note that, in addition to considering
only one subsystem, we have introduced slack variables, so that only equality constraints and nonnegativity
bounds are present.

We will use the following notation: diag(x) is the diagonal matrix whose diagonal contains the vector x,
e, is the n-dimensional vector of ones, and V,c(x,y) € 2" and V,c(x,y) € R"*" are the matrices whose
jth rows contain the gradients of the jth component of ¢(x, y), with respect to x and y, respectively. Finally,
we denote by O(e,) a sequence {a,} satisfying ||a,| < y«, for some constant y > 0, and we denote by o(«,)
a sequence {a,} satisfying ||a,| < y,«, for some sequence {vy,} such that y, >0 and lim,_, . y, =0.

We assume there exists a minimizer (x*, y*, r*) to problem (2) and a Lagrange multiplier vector (A*, o*)
such that the vector

w = ()C*, y*’ V*, /\*’ O'*)

is a Karush-Kuhn-Tucker (KKT) point; that is, it satisfies the KKT conditions

Vo £(w) =0 ©)
-0+ A" =0 4)
c(x",y)—r'=0 ®)
R'c*=0 (6)
r*,o* >0, 7

where A* € ™ are the multipliers of the equality constraints; o* € " are the multipliers of the nonnegativity
bounds on r*, R* = diag(r*); and the Lagrangian function is Z(w*) = F(x*,y*) — (A")T (c(x*, y*) — r*) —
(U*)TV*.

We make the following assumptions on the problem functions and on the KKT point w* = (x*, y*, r*, A*, o*).

AsSUMPTION A.l. The second derivatives of the functions in problem (2) are Lipschitz continuous in an
open convex set containing w*.
ASSUMPTION A.2. The LICQ is satisfied at w*; that is, the matrix
_ (VXC(x*,y*) V,e(x*, y%) —1> .
0 0 I

has full row rank, where Z is the active set {i: r’ =0} and I is the matrix formed by the rows of the identity
corresponding to indices in Z.

ASSUMPTION A.3. The strict complementary slackness condition is satisfied at w*; that is, o} > 0 for i € Z.

ASSUMPTION A.4. The second-order sufficient conditions for optimality are satisfied at w*; that is, for all
d # 0 satisfying Jd =0, we have
d"V*%(w*)d > 0, 9)

where V2% (w*) is the Hessian of the Lagrangian function with respect to the primal variables x, y, r at point w*.

Finally, the following condition is often assumed to ensure the Schur complement matrix is well defined near
the solution.
ConbpitioN C.1. The SLICQ holds at w*; that is, the matrix

Vie(x*,y*) —I
( O 1> (10

has full row rank.
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Clearly, the SLICQ (Condition C.1) implies the LICQ (Assumption A.2). Moreover, by the implicit function
theorem, it is easy to see that the SLICQ implies that the problem constraints can be used in the vicinity of the
minimizer to eliminate the local and slack variables y and r and transform the problem into an unconstrained
problem on the global variables only. To illustrate this point, we consider the following example:

min 1(x—a)’+1(y—b)?

X,y
st x+y<2, (11)
x—y<0.

Note that the LICQ holds for this problem at all feasible points. In addition, the parameters (a, b) are useful to
control whether the SLICQ holds at the minimizer. In particular, for (a, b) = (1, 0), the minimizer is (x*, y*) =
(0.5,0.5). At this point, only one of the constraints is active and the SLICQ holds. Moreover, note that for
(a,b)=(1,0), one can perturb the value of the global variable x around the minimizer and there are values of
the local variable y for which the problem is feasible. That is, one may use the active constraint to eliminate the
local variable from the problem in the vicinity of the minimizer, and thus obtain an equivalent unconstrained
problem on the global variables only. For (a, b) = (2, 1), on the other hand, the minimizer is (x*, y*) = (1, 1).
At this point, there are two active constraints and the SLICQ does not hold. Also, if one increases the value of
the global variable x above its optimal value of 1, there is no value of the local variables that makes the problem
feasible. That is, for this case, we cannot use the constraints to eliminate the local variables from the problem.
The example is illustrated in Figure 1.

3. Two benchmark approaches. We discuss two benchmark approaches to the nonconvex PSP: BDAs and
SIPMs. Because most of our analysis will be based on interior-point techniques, it is convenient to introduce
the barrier PSP

minimize F(x,y)—p Y _log(r;)
X,y 1 i1 (12)

subject to ¢(x,y) —r=0,

where w is the barrier parameter.

3.1. BDAs. The structure of the barrier PSP suggests it can be decomposed into a master problem, which
only depends on the global variables, and a subproblem, which depends on the local and slack variables. In
particular, problem (12) can be reformulated as the following master problem:

min G*(x), (13)
where G*(x) = F(x, y*(x)) — >/~ log(r}(x)) is the subproblem optimal value function
G*(x) =minimum F(x,y) —u ) log(r;,)
»r ,;: (14)
subject to ¢(x,y)—r=0,

and we have omitted the dependence of G*(x) on wu to simplify notation.

A
y y

A

> >
» L
X X

(a) Case (a, b) = (1,0): The (b) Case (a,b) =(2,1): The
SLICQ holds at the SLICQ does not hold at the
minimizer (0.5, 0.5). minimizer (1, 1).

FiGURE 1. Example illustrating SLICQ.
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Initialization: Choose a starting point x,. Set k <— 0 and choose the parameter u, > 0.
Repeat

(i) Solve subproblem: Solve the subproblem (14) with u, and evaluate G*(x,), VG*(x,) and V>G*(x,).

(i) Master problem search direction: Compute the search direction for the master problem (13) by

solving the system V>G*(x,)Ax = —VG*(x;).

(iii) Line search: Compute a diagonal matrix, A,, of step sizes.

(iv) Update iterate: Set x, | = x, + o Ax.

(v) Parameter update: Set u, , >0 and k < k+1.
Until convergence

FiGURE 2. BDA.

BDAs divide the job of finding a minimizer to the PSP into two different tasks: (i) finding an optimal value
of the global variables x* and (ii) finding an optimal value of the local variables y*(x) for a given value of the
global variables x. The first task is accomplished by solving the master problem (13) and the second by solving
the subproblem (14).

BDAs apply an iterative unconstrained nonlinear optimization method to solve the master problem. At each
iteration, a new estimate of the global variables x, is generated and the subproblem is solved exactly using x, as
a parameter. Then, sensitivity analysis formulae (Fiacco and McCormick [17]) are used to compute the master
problem objective and its derivatives from the exact subproblem minimizer. Using this information, a new
estimate of the global variables x;_, is computed. This procedure is repeated until a master problem minimizer
is found. The general BDA algorithm is stated in Figure 2.

BDAs are very popular among engineers solving the MDO. The main advantage of BDAs in this context is
that, in the general case where there are more than one subsystem or discipline (K > 1), the above formulation
allows the different disciplines to be dealt with almost independently. Moreover, within the framework given
in Figure 2, the engineer is free to choose the particular optimization algorithm used to solve each of the
disciplinary subproblems and the sensitivity formulae used to compute the first and second derivative of G*(x).
Again, this usually allows engineers to reuse their disciplinary software codes with minimum change. Another
advantage of BDAs is that there exist BDAs that can deal with problems whose minimizer does not satisfy the
SLICQ (Braun [5], DeMiguel and Murray [14]).

The downside of BDAs is that there is analytical and numerical evidence that certain commonly used BDAs
may fail to converge even when the starting point is very close to the minimizer (Alexandrov and Lewis [2],
DeMiguel and Murray [13]). Moreover, although there are some local convergence proofs for certain BDAs that
solve the subproblems exactly (DeMiguel and Murray [14]), it is safe to say that the local convergence theory
of BDAs is not nearly as satisfactory as that of standard interior-point methods.

3.2. SIPM. In this section, we describe how a primal-dual interior-point method (Byrd et al. [7], El-Bakry
et al. [16], Forsgren and Gill [18], Gay et al. [19], Vanderbei and Shanno [34]) can be combined with a Schur
complement approach (Cottle [11]) to solve problem (1) in a decentralized manner. We term the resulting
approach the SIPM.

3.2.1. The interior-point method. Primal-dual interior-point methods apply Newton’s method to solve a
perturbed version of the KKT conditions for the PSP (3)—(7). At each iteration, a search direction is computed by
solving a linearization of these perturbed KKT conditions. Then, a step size is chosen such that all nonnegative
variables remain strictly positive.

Given a suitable constraint qualification condition, a minimizer to the barrier PSP (12) must satisfy the
following KKT conditions:

V.F(x,y) = Vee(x, y)"A

V,F(x,y) = V,c(x,y)"A
g(p) = —o+A =0, (15)
—c(x,y)+r
—Ro + pe,,

where R = diag(r); A € A" are the multipliers of the equality constraints; o € ™ are the multipliers of the
nonnegativity bounds on r; e,, € ®™ is the vector whose components are all ones; and the variables r, A, o
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are strictly positive. Note that a minimizer to the PSP (2) must satisfy g(0) = 0. This is why people refer to
Conditions (15) as the perturbed KKT conditions.

Notice that the problem variables can be split into two different components: the global component x and the
local component y = (y, r, A, o). Likewise, g(w) can also be split into two different components. Note that, to
simplify notation, we omit the dependence of g on the variables and multipliers.

8(M)=< ¢ )=0, (16)

& (r)
where
8=V F(x,y) = Ve(x,»)'A (17)
and ,
V,F(x,y)—V,c(x,y)"A
-0+ A
&(n) = : (18)
—c(x,y)+r
—Ro + e,

Let w, = (x;, y,) be the current estimate of the global and local components. Then, the Newton search
direction, Aw) = (AxY, AyY), is the solution to the following system of linear equations:

W, —AT\ [AxY g
—A, M, ] \Ap 8 ()

where g, , and g, , denote the functions g, and g, evaluated at w,, W, =V, g, ;, A, = —Vegr () =—(Vog )"
and

M, = Vygz,k(,“k)- (20)
For convenience, we rewrite the Newton system (19) as
K Awy’ = —gi () (21)

In addition to computing the Newton step, interior-point methods choose a step size such that all nonnegative
variables remain strictly positive. In our case, r, A, and o must remain positive. To ensure this, we assume that
the step sizes are chosen such as those in Yamashita and Yabe [36]. Therefore, at iteration &,

a, = min{ Ly min{ - Ar];,f:’l st ArY, < 0}, (22)
a)‘!kzmin{l,ykmin{— )\k’]\f s.t. A)\kN’i<0}, (23)
AN
a, ;= min{ Ly min{ - o-k‘l\il st. Aoy, < 0} , (24)
Aady';
where 7, € (0, 1). As the global and local variables are not required to be nonnegative, we can set
a =a,, =1 (25)
If we define the matrix A, as
a0 0 0 0
0 a0 O 0 0
A= 0 0 a,d O 0 , (26)
0 0 0 ay,d 0
0 0 0 0 a, 1
the kth iteration of a primal-dual algorithm has the following form:
Wiy = wy + A Awy . (27)

We also define the matrix A; ,, which contains the step lengths on the § variables. That is, the matrix A; , =

diag(a, 1, @, 1, a) 1, @, 1).
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3.2.2. The Schur complement approach. Finally, assuming the matrix M, is invertible, one can use the
Schur complement approach to solve the Newton system (19) in a distributed manner. In particular, the Schur
complement of matrix K;' is the matrix

S, =W, —ATM'A,. (28)
If in addition S, is invertible, the global component of the Newton search direction Ax)’ can be computed as
SkAxllcv=_(g1,k+AZMI:1g2,k(/'Lk))' (29)
Then, the local component Afz,’f is
M A = —(g, — AAXY). (30)

The following proposition gives conditions under which the matrices M, and S, are invertible in the vicinity
of the minimizer to problem (2).

PROPOSITION 3.1.  Under Assumptions A.1-A.4 and Condition C.1, ||M'|| and ||S;"| are bounded for w,
in a neighborhood of the minimizer w*.

Proor. Let (KV)*, M*, and S* be the matrices K, M,, and S, evaluated at w*. Assumptions A.1-A.4
imply by Fiacco and McCormick [17, Theorem 14] and El-Bakry et al. [16, Proposition 4.1] that (K")* must
be invertible.

In addition, it is easy to see that if w* = (x*, y*, r*, A*, 0*) is a KKT point satisfying Assumptions A.1-A.4
and Condition C.1, then (y*, r*, A*, 0*) is a KKT point, satisfying the LICQ (by C.1) and the strict comple-
mentarity slackness (SCS) condition (by A.3) for subproblem (14) with x = x* and w =0:

minimize F(x*,y)
y, r
subject to c(x*,y) —r=0, (31)
r>0.

Moreover, the second-order sufficient conditions (SOSCs) for subproblem (31) are also satisfied. To see this,
note that for any nonzero d € %™*™ such that Jd =0, where

_ Vie(x*, y*) —I
() -

is the Jacobian matrix for subproblem (31), we have that

)-

where J is the Jacobian matrix for problem (2). That is, the null space of the Jacobian of the active constraints
for the subproblem (31) is contained in the null space of the Jacobian of the active constraints for problem (2).
Therefore, from A.4, we then have that

0<(0 JT)W(w*)@) — VI, (33)

where V2% (3*) is the Hessian of the Lagrangian function of subproblem (31), with respect to (y, r) at point
¥ = (y*, r*, A*, 0*). Hence the SOSCs for subproblem (31) are satisfied at 3*.

The LICQ, the SCS and the SOSC for subproblem (31) imply the matrix M* must be invertible by Fiacco
and McCormick [17, Theorem 14] and El-Bakry et al. [16, Proposition 4.1].

Moreover, the invertibility of (KV)* and M* implies that $* must be invertible or otherwise there would be
multiple solutions to the Newton system (19), in contradiction with the invertibility of (K")*. Finally, |M'| and
| S| are bounded in the vicinity of the minimizer by the invertibility of M; and S} and Assumption A.1 O

Note that to ensure the Schur complement matrix is well defined in the vicinity of a minimizer, we need to
assume the SLICQ (Condition C.1). As we mentioned in §2, the SLICQ implies that the PSP constraints can
be used in the vicinity of the minimizer to eliminate the local and slack variables y and r, and thus transform
the PSP into an unconstrained problem on only the global variables. This is a fairly strong assumption for
application areas such as MDO, where often the difficulty is precisely finding a design that is feasible with
respect to the constraints of all disciplines. In §7, we show how the SIPM can be modified to deal with problems
that do not satisfy the SLICQ.

The resulting SIPM is stated in Figure 3. Also, note that, for the general problem (1) with K subsystems, M,
is a block diagonal matrix composed of K blocks. Thus the Schur complement allows one to decompose the
linear system (30) into K smaller independent linear systems (see Birge and Louveaux [4, §5.6]).
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Initialization: Choose the starting point wy, = (x,, ¥, ¥y, Ay, 0,) such that ry >0, A, > 0, o, > 0. Set k <— 0 and
choose the parameters u,>0and 0 <y <7y, < 1.
Repeat
(i) Master problem iteration: Form the matrix S, and compute Ax} from system (29). Set x,,, = x, + Ax}.
(ii) Subproblem iteration:
(a) Search direction: Compute Aj by solving system (30).
(b) Line search: Compute the diagonal matrix, A,, from the subproblem step sizes as in (22)—(26).
(c) Update iterate: Set 3,,, =3, + A; ;AJ}.
(iii) Parameter update: Set w, | >0,0< ¥y <7y,,; <1 and k < k+1.
Until convergence

FiGURE 3. SIPM.

3.2.3. Convergence. The local convergence theory of interior-point methods is developed in the papers by
Martinez et al. [24], El-Bakry et al. [16], Yamashita and Yabe [36], and Gould et al. [21]. These papers show
that under Assumptions A.1-A.4 and certain conditions on parameters u, and vy,, the Newton matrix K} is
invertible in the vicinity of the minimizer and the iteration (27) converges superlinearly or quadratically to a
solution of (2). If in addition, SLICQ holds, we know by Proposition 3.1 that Equations (29) and (30) have a
unique solution in the vicinity of the minimizer, and thus the SIPM converges also superlinearly or quadratically.
As in this paper, our analysis focuses on the local convergence properties of the algorithms, no procedures
are given to ensure global convergence, though the techniques in Vanderbei and Shanno [34], Gay et al. [19],
Forsgren and Gill [18], and Byrd et al. [7] could be adapted.

4. An inexact BDA. In this section, we describe the inexact BDA. We also analyze its relationship to the
SIPM described in the previous section.

4.1. The algorithm. The inexact BDA takes just one Newton iteration of a primal-dual interior-point method
to solve the subproblems (14). Following the notation introduced in §3, the subproblem perturbed KKT con-
ditions can be written in compact form as g,(u) =0 (see (18)). Then, the Newton system for the subproblem
perturbed KKT conditions is simply

M A = —&. k() (34)

The Newton search direction for the master problem (13) is the solution to the Newton system
Vi G (x)Ax) = —V,G*(x,), (35)

where, to simplify notation, we do not explicitly write the dependence of G* on the barrier parameter w.
Unfortunately, because the inexact BDA does not solve the subproblems exactly, the master problem Hessian
and gradient V2 G*(x,) and V,G*(x;) cannot be computed from standard sensitivity formulae, as is customary
in BDAs. In the remainder of this section, we show how approximations to V,G*(x,) and V? G*(x,) can be
obtained from the estimate of the subproblem minimizer. The inexact BDA uses these approximations to generate
the search direction for the master problem. In particular, the following two propositions show that the right-hand
side in Equation (29) can be seen as an approximation to the master problem gradient V,G*(x,) and that the
Schur complement matrix S, can be interpreted as an approximation to the master problem Hessian V2 G*(x,).

PROPOSITION 4.1.  Let (x*, y*, r*, A*, 0*) be a KKT point satisfying Assumptions A.1-A.4 and Condition C.1
for problem (2). Then, for (x;, i, i, Aps 0}) close to (x*, y*, r*, A*, 0*), the subproblem optimal value function
G*(x,) and its gradient V,G*(x,) are well defined and

1.6 () = (1.1 + AL M, 2,1 () | = 019 () = i),

where y(x;) = (y(x;), r(x,), A(xy), 0(x;)) is the locally unique, once continuously differentiable trajectory of
minimizers to subproblem (14) with y(x*) = (y*, r*, X*, 0*) and 3, = (y;, > Ags O3)

ProoF. Note that if Condition C.1 holds at (x*, y*, r*, A*, 0*), then the LICQ holds at (y*, r*, A*, ¢*) for
subproblem (14) with x = x* and u = 0. Moreover, it is easy to see that if (x*, y*, r*, A*,0*) is a KKT
point satisfying Assumptions A.1-A.4, then (y*, r*, A*, 0*) is a minimizer satisfying the SCS and SOSCs
for subproblem (14) with x = x* and u = 0. It follows from Fiacco and McCormick [17, Theorem 6] that
there exists a locally unique, once continuously differentiable trajectory of subproblem minimizers y(x,) =
((x)s r(xp), A(xp), o(x;)), satisfying LICQ, SCS, and SOSC for the subproblem with x, close to x* and
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W sufficiently small. As a result, the subproblem optimal value function G*(x,) can be defined as G*(x,) =
F(xe, y(x)) — >, log(r;(x,)) and it is once continuously differentiable. By the properties of y(x,), its
gradient is simply

d[F(x;, y(x;)) — py 2o log(r;(xp))] _ dggy('xk’ y(x))

V.G* = 36
G () L o (36)
where d/dx denotes the total derivative and Sfy is the subproblem Lagrangian function
£,(x, 9(x)) =F(x,y) — w Y _log(r,) — A" (c(x, y) = r). (37)
i=1
Applying the chain rule, we get
d<,(x, 3(x)) .
— T = N () (38)
x
+ V2 (s 9(x0))y () (39)
+ V2, (x, 9 (x )7 (%) (40)
+ Ly (s P ()X (%) (41)
+ Vo Ly (2, 3 () o' (x), (42)

where y'(x,), ¥'(x;), A'(x;), and o'(x;) denote the Jacobian matrices of y, r, A, and o evaluated at x,, respec-
tively. Note that (39) and (40) are zero because of the optimality of y(x,), (41) is zero by the feasibility of
9(x,), and (42) is zero because the Lagrangian function does not depend on o. Thus we can write the master
problem objective gradient as

V.G () = Vi, (x, 3 (x0)).- (43)

If we knew the subproblem minimizer y(x,), we could easily compute the master problem gradient by
evaluating the gradient of the Lagrangian function (37) at x, and y(x,). After taking only one interior-point
iteration on the subproblem, we do not know y(x,) exactly but rather the following approximation:

Y+ AL, (44)

where AP is the subproblem search direction computed by solving system (34). However, by Taylor’s theorem,
we know that the master problem gradient can be approximated as

V.G () = V. %, (x5 9i) + Vs 2, (x50 (F(x) = 5i) + OUIF () = 9l (45)

Moreover, if §, is close enough to y(x,), we know from the local convergence theory of Newton’s method that
13Cee) = G + AT = oIl (x¢) — Fi 1), and thus

V.G () = V%, (% $i) + Vs, (x5O AT, + o([19(x) — Il (46)

Finally, from Proposition 3.1, we know that the matrix M, is nonsingular once the iterates are close to
the minimizer (Fiacco and McCormick [17, Theorem 14]). Since AyP = —M; 'g, ;(u;) and A] = —V;g, ;, =
=V, (x, 9;), the result follows from (46). O

PROPOSITION 4.2.  Let (x*, y*, r*, A*, 0*) be a KKT point satisfying Assumptions A.2—-A.4 and Condition C.1
for problem (2). Moreover, assume all functions in problem (2) are three times continuously differentiable.
Then, for (x;, Yi» es Mg, 03) close to (x*, y*, r*, A*, 0*), the Hessian of the subproblem optimal value function
V2.G*(x,) is well defined and

IV2.G*(x) = Sill = OUIF () = 3 ),
where 3(x;) = (y(xy), r(x), A(x;), 0(x;)) is the locally unique, twice continuously differentiable trajectory of

minimizers to subproblem (14) with y(x*) = (y*, r*, A*, 0*), 3y = (V> Ti» Ay, 03), and S is the Schur complement
matrix S, = W, — AT M ' A, of the system matrix in (19).
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PrOOE. By the same arguments as in Proposition 4.1, and the assumption that all problem functions are three
times continuously differentiable, we know that the subproblem optimal value function can be defined as

G (1) = F (0 y(x)) — 13 log(r(x0))

i=1

and it is twice continuously differentiable.
Moreover, differentiating expression (43), we obtain the following expression for the optimal value function
Hessian:

d(V,Z,(x;, Y(x,)))
dx
= Vxxggy('xk’ Y(x) + Vxﬁgy('xk’ Y(x))P (xp)s (47)

Vxx G* (xk) =

where 7'(x,) is the Jacobian matrix of the subproblem minimizer with respect to x,.

By A.3, A4, and C.1, we know that for x, close enough to x* and u, sufficiently small, y(x,) is a minimizer
satisfying the LICQ, SCS, and SOSC for the subproblem, and thus it follows from Fiacco and McCormick [17,
Theorem 6] that

MY (x,) = A, (48)

where M} and Ai are the matrices M, and A, evaluated at $(x,).

If we knew the subproblem minimizer y(x,) exactly, we could use (47) and (48) to compute the master
problem Hessian. Unfortunately, after taking only one Newton iteration on the subproblems, we do not know
9(x;) exactly. However, we can approximate y'(x;) as the solution to the following system:

M,y (x;) =~ Ak- (49)

Assumptions A.3, A4, and Condition C.1 imply by Proposition 3.1 that |[M,'| is uniformly bounded for
(x;, y,) in the vicinity of w*. Then,

15 (o) = M Al < ()™ = MDA+ (M) (A7 = A (50)

By the assumption that all functions are three times continuously differentiable, and the fact that | M| is
uniformly bounded in the vicinity of w*, the first term in (50) can be written as

)™ = MDA < M 1M = ML) AL = 015 () = Fil)-

Likewise, by the assumption that all functions are three times continuously differentiable and because || M, '| is

uniformly bounded, the second term in (50) is O(]|¥(x;) — 3 |). Therefore

15 () = M Ayl = 0115 (x) = 5el)-

Finally, the result follows because W, =V, g, , =V, % (x;, J;) and A,{ =—Vig = -V5Z(x, 3). O
Note that Propositions 4.1 and 4.2 show that the SIPM iteration

SbdxP = —(g1, + Al M ' g0 (10) (51)

described in §3.2.2, may be seen as an approximation to the master problem Newton Equation (35).
The inexact bilevel decomposition algorithm (IBDA) is stated in Figure 4.

4.2. Relationship to the SIPM. The following proposition establishes the relationship between the search
direction of the inexact BDA (Ax?, Ay?) and the search direction of the SIPM (Ax}', Ayy). In particular, we
show that the global variable components of both search directions are identical and the local components are
equal up to first-order terms.

PROPOSITION 4.3.  Under Assumptions A.1-A.4 and Condition C.1, for w, in a neighborhood of the KKT
point w*, we have that
AxP=AxY  and AP = AP + O(|AxY]). (52)
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Initialization: Choose a starting point w, = (x,, ¥y, 7> Ay, 0;) such that ry >0, Ay >0, o, > 0. Set k <— 0 and
choose the parameters p, >0 and 0 <y <7y, < 1.
Repeat
(i) Solve master problem: Form the matrix S, and compute Ax from system (51). Set x,; = x; + Axp.
(ii) Solve subproblem:
(a) Search direction: Compute Aj” by solving system (34).
(b) Line search: Compute the diagonal matrix, A, from the subproblem step sizes as in (22)—(26).
(c) Update iterate: Set y,,, =, + A; AP
(iii) Parameter update: Set y,, >0,0<y <7y, <land k < k+1.
Until convergence

FiGURre 4. IBDA.

Proor. The first equality follows trivially from (29) and (51).

From Proposition 3.1, we know that M, is invertible for w, in a neighborhood of w*. Thus by multiplying (34)
by M,', we can write the local search direction of the inexact BDA as AyP = —M;'g, , (1), and by multiplying
(30) by M;"', we can write the local search direction of the SIPM as AyY = —M; (g, ; (1) — A, AxY). Hence

AP = APY — M A AxY.

The second equality in (52) follows from Proposition 3.1 and Assumption A.1. O

Note that the difference between the local components of both search directions is not surprising because
the global variables are just a parameter to the subproblem solved by the decomposition algorithm. As a
result, the local component of the search direction computed by the inexact BDA lacks first-order informa-
tion about the global component search direction. In §5, we show how a Gauss-Seidel strategy can be used to
overcome this limitation inherent to BDAs.

Finally, it is useful to note that from (34) and (51), the inexact BDA search direction is the solution to the
following linear system:

K7 Aw? = —g, (), (53)
where Ar
S, —A
kP=(""  "*). (54)
0 M,

Note that the fact that the global variables are a parameter to the subproblems is evident in the structure of K.
In particular, notice that the lower left block in matrix K is zero instead of —Ak, as in the interior-point
method matrix K}'. In §5, we give conditions under which the norm of the matrix |[(K)™'| is bounded in the
neighborhood of the minimizer, and thus the iterates of the proposed decomposition algorithm are well defined.

5. The Gauss-Seidel BDA. The difference in the local component of the search directions computed by
the inexact BDA and the SIPM precludes any possibility of superlinear convergence for the decomposition
algorithm. In this section, we show how one can first compute the global variable component of the search
direction, and then use it to update the subproblem derivative information before computing the local variable
component. We show that the resulting Gauss-Seidel BDA generates a search direction that is equal (up to
second-order terms) to the search direction of the SIPM. Moreover, we prove that the resulting BDA converges
locally at a superlinear rate.

5.1. The algorithm. The inexact BDA defined in §4 does not make use of all the information available at
each step. Note that, at each iteration of the decomposition algorithm, we first compute the master problem step
as the solution to A

SkAxlg;:_(gl,k+AZM1:1g2,k(/"Lk))’ (55)

and update the global variables as x,,; = x, + AxC. At this point, one could use the new value of the global
variables x;,; to perform a nonlinear update of the subproblem derivative information, and thus generate a
better subproblem step. In particular, after solving for the master problem search direction, we could compute
(see (18))
VyF(le’ i) — Vyc(xk+l’yk)T)\k
-0, + A

& () = : (56)
—c(Xpp1 V) + 7

—Ry 0 + e,



DeMiguel and Nogales: On Decomposition Methods for a Class of Partially Separable Nonlinear Programs
130 Mathematics of Operations Research 33(1), pp. 119-139, © 2008 INFORMS

Initialization: Choose a starting point w, = (X, Yo, 7» Ag» 0p) such that ry >0, A; >0, g, > 0. Set k <— 0 and
choose the parameters w,>0and 0 <y <7y, < 1.
Repeat
(i) Master problem iteration: Form the matrix S, and compute Ax{ from system (55). Set x,_; = x; + Axf.
(ii) Subproblem iteration:
(a) Search direction: Use x,,, to update g5 ,(u,) and compute AF¢ by solving system (57).
(b) Line search: Compute the diagonal matrix, A,, from the subproblem step sizes as in (22)—(26).
(c) Update iterate: Set 3,,, =y, + A; (AyC.
(iii) Parameter update: Set u,,, >0,0< 7<%, <1 and k < k+1.
Until convergence

FIGURE 5. Gauss-Seidel BDA.

Then, the subproblem search direction would be given as the solution to

MkAj’J? = _g’Zk(Mk)- (57)

The resulting algorithm is stated in Figure 5. It must be noted that the only difference between the Gauss-
Seidel BDA stated in Figure 5 and the inexact BDA stated in Figure 4 is that in the Gauss-Seidel version,
we introduce a nonlinear update into the derivative information of the subproblem g, ,(u,) using the master
problem step Ax{. As a consequence, the refinement requires one more subproblem derivative evaluation per
iteration. The advantage is that, as we show in the next section, the Gauss-Seidel refinement guarantees that the
proposed algorithm converges at a superlinear rate.

5.2. Relationship to the SIPM. The following proposition shows that the search directions of the proposed
Gauss-Seidel BDA and the SIPM are equal up to second-order terms.

ProPOSITION 5.1.  Under Assumptions A.1-A.4 and Condition C.1, for w, in a neighborhood of the KKT
point w*, we have that
Ax{ = Ax)
and
ASY = A5+ O(|Ax ). (58)
Proor. The result for the global components is trivial from (55). For the local components, note that the
search direction of the resulting Gauss-Seidel decomposition algorithm satisfies

AxP = Axp = Ax) (59)
and
A7 = AT — M (g () — 82,1 (0))- (60)
Moreover, from (60), we know that
AFE = AR — M AR — M7 (83 (1) — 8.4 (1)
= AFY — M (& () — &0 () +AAx)).

The result is obtained by Taylor’s theorem and the fact that AT = =V.g (). O
Proposition 5.1 intuitively implies that the Gauss-Seidel BDA converges locally at a superlinear rate. In §5.3,
we formally show this is the case.

5.3. Convergence of the Gauss-Seidel BDA. In this section, we first show that the search direction of
the Gauss-Seidel BDA is well defined in the proximity of the minimizer and then, we show that the iterates
generated by the Gauss-Seidel approach converge to the minimizer at a superlinear rate.

Note that the search directions of the inexact and Gauss-Seidel BDA are related as follows:

Awf = Aw,? - Gk(g;,k(/*"k) — 8. (Mr))s (61)
where
%= )
k M)
and Aw? = —(K?P) 'g.(u,). Consequently, to show that the Gauss-Seidel search direction is bounded in a

neighborhood of a minimizer w*, it suffices to show that the norms of the matrices (K”)~' and M, ' are bounded
for w;, in a neighborhood of the minimizer w*.
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PROPOSITION 5.2.  Under Assumptions A.1-A.4 and Condition C.1,
w, in a neighborhood of the minimizer w*.

S¢t o STAT M
&= ) (62)
0 M

(K2)7"| and ||M"|| are bounded for

Proof. Note that from (54),

Consequently, it is sufficient to prove that ||S; ' and || M, '|| are bounded in the vicinity of the minimizer. The
result follows from Proposition 3.1. O

We now give a result that provides sufficient conditions on the barrier and the step-size parameter updates to
ensure superlinear convergence of the Gauss-Seidel BDA.

THEOREM 5.1.  Suppose that Assumptions A.1-A.4 and Condition C.1 hold, that the barrier parameter is
chosen to satisfy w, = o(||gc(0)|), and that the step-size parameter is chosen such that 1 — vy, = o(1). If w,
is close enough to w*, then the sequence {w,} described in (61) is well defined and converges to w* at a
superlinear rate.

Proor. The sequence in (61) updates the new point as
Wy = Wy + A Awy
= wy + A [Aw? — Gk(ng(Mk) — & ()] (63)

By (56), note that g3 (1) — &1 () = &5 ,(0) — £,4(0), and because matrices (K)~' and M ' are well
defined by Proposition 5.2, we have

Wiy = W — Ak(KI?)_lgk(lu“k) - Aka(g;:k(O) —£..(0))
= wy — A (K) 7 (8e(0) + &) — A G (g7 (0) — £, 4(0)), (64)
where &, =(0,0,0,0, u,e,). Then,
Wy —w' = w —w = A (KD) T g () — NG (g5 1 (0) — g,.,(0))
= (I = Ap)(w, —w*) + Ak(K]?)_l(Kl?(wk —w*) — g (0) — @) — Aka(g;:k(O) - gz,k(o))’ (65)
which may be rewritten as
Wy — W' = (I — Ap)(w, —w")
— A (KD) ™ iy
+ A (K) K (w — w”) — 8,(0))
+ A (KO TR = KYD) (wy — w”)

— NG (814(0) — 8,,4(0)). (66)
By Yamashita and Yabe [36, Lemma 4], the first term in (66) satisfies
17 = A (w —wH) | < (1= %) + Olg (0)) + O(w)) [| (wy — wH)l- (67)

This inequality together with conditions 1 — 7y, = o(1) and u, = 0(||g,(0)||) imply that
(T = A (w — w) || = o(flwy —w]). (68)
The second term in (66) satisfies
IACKD) ™ L < IAICED) I < Bl (69)
which by condition u, = o(]|g,(0)|]), imply

ALK il = o(llwy — w™[). (70)
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By Taylor’s theorem, the third term in (66) satisfies
1AL KP) (KR (wy = w) = ge ()] < [IANIED) T ITICKE (wy = w”) — g (0) | = ollwy, —w*[)). (71)
Finally, because

W,.—S, 0 g1 S—IATM—I
K;’:K;V—[k ‘ } and (Kf)':(" £ "), (72)

—A, 0 0 M

the fourth term in (66) is

Dy—1( D N Dy—1 We=Se 0
Ak(Kk)7 (Kk _Kk)(wk_W*)z_Ak(Kky i 0 (wy — w*

4k

0 0
= Ay A (w, —w")
M7 A, O

0
— A, . . 3
|:M1<_1Ak(xk_X*):| 7

Then, adding the fourth and fifth terms in (66) and using (73), we get

Ak(K;f’)*' (Kl? - K/iv)(wk —w") — Aka(g;r,k(O) - 82,k(0))

=A, [ ) ’ ] : (74)
M A (= x7) = (83,4(0) = 5,4(0))]

If only the global variable component, x, of Equations (68), (70), (71), and (74) is considered, then the
following relationship is attained:
1 = *" 1l = o(flwy — w])). (75)

Note that this is not a surprising result because we know that the step taken by the Gauss-Seidel decomposition
algorithm on the global variables, x, is the same as that of a SIPM.

To finish the proof, it only remains to show that the local variable component, y, satisfies a similar relationship.
The local component of Equation (74) can be written as

A M (A (x = x7) = (83,(0) — 5,,(0)))
= Ak,ﬁMI:I (AAk(xkﬁ»l —x") = (g;,k(o) - 82,k(0)) - Ak(karl —x)), (76)

which by Taylor’s theorem and the fact that Ak =—-V.g () =V, ,(0)is

Ak,f'MI:l (Ak(xk+1 —x") - (g;:k(()) - gz,k(o)) - Ak(xk-H - X))

= A M (A (e — X9 + Ol — x[17)).- (77)
Because A
Xer1 — X = Ax,? = _(Sk)il(gl,k + A[Mlzlgz,k(/-‘“k))s (78)
we conclude that
||xk+l — x|l = Ollge (m)ll), (79)

and thus the second term in the right-hand side of (77) is of order O(||w, — w*|?).
Moreover, we know by (75) that the first term in the right-hand side of (77) is of order o(||w, — w*||). This,
together with the local variable component in (68), (70), (71), give

191 = 37l = o(llwegy — w|)). (80)

Relationships (75) and (80) prove the result. [
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5.4. Discussion. Our analysis in §§4 and 5 gives some interesting insight into why certain BDAs may con-
verge slowly in practice. Most practical BDAs follow the general scheme outlined in Figure 2. These algorithms
usually set the global variables to a fixed value at each iteration to break the problem into independent sub-
problems. Our analysis shows that in the case of the inexact BDA, fixing the global variables leads to a set of
subproblems that ignore any information regarding the search direction on the global variable space. For this
reason, the inexact BDA may fail to achieve fast convergence in the vicinity of the minimizer. We have also
shown that a Gauss-Seidel technique may be used to overcome this difficulty in the case of the inexact BDA.
Moreover, because in Propositions 4.1 and 4.2 we showed that the inexact BDA is related to the more general
BDAs outlined in Figure 2, our analysis of the inexact and Gauss-Seidel BDAs throws some light into why
some of the more general BDAs used by engineers in practice may converge slowly occasionally. We hope that
our work will help researchers and practitioners alike to develop BDAs with better convergence properties.

6. An exact penalty formulation of the PSP. The SIPM described in §3 can only be applied to problems
satisfying the SLICQ. In particular, Proposition 3.1 shows that if SLICQ holds, then the Schur complement
matrix is invertible. As we mentioned in §2, the SLICQ implies that the PSP constraints can be used in the
vicinity of the minimizer to eliminate the local and slack variables y and r, and thus transform the PSP into an
unconstrained problem on only the global variables. This is a fairly strong assumption for certain applications
such as MDO, where often the difficulty is precisely finding a design that is feasible with respect to the
constraints of all disciplines.

In this section, we show how a PSP satisfying the LICQ but not SLICQ may be regularized by introducing an
exact penalty function. Specifically, we show how any PSP satisfying LICQ can be reformulated by means of an
exact penalty function as a PSP satisfying the so-called strong Mangasarian-Fromovitz constraint qualification
(SMFCQ). Then, in §7, we show how degenerate optimization techniques can be used to ensure the SIPM
converges locally at a fast rate when applied to solve a PSP satisfying SMFCQ. Essentially, our work allows
the application of SIPMs to solve general PSPs satisfying only the conventional LICQ.

We now define the SMFCQ.

ConpitioN C.2. The SMFCQ is satisfied at w*; that is, the matrix

(Vye(x™,y")  =1) (81)

has full row rank and there exist Ay and Ar such that V c(x*, y*)Ay — Ar =0 and (Ar); > 0 for all i € Z,
where Z is the active set {i: =0} and I is the matrix formed by the rows of the identity corresponding to
indices in Z.

Note that by Assumption A.2, the Lagrange multiplier vector (A*, o*) associated with (x*, y*, r*) is unique.
Also the matrix (81) always has full row rank if all problem constraints are inequality constraints.

Note that the SMFCQ (C.2) holds if and only if the conventional Mangasian-Fromovitz constraint qualification
(MFCQ) holds for the subproblem (2) with x = x*; that is, for the following problem:

min F(x*,y)
y, r

subject to c(x*,y) —r=0, (82)

r>0.

Likewise, the SLICQ (C.1) holds if and only if the conventional LICQ holds for the subproblem (2) with x = x*.
Consequently, satisfaction of the SLICQ implies satisfaction of the SMFCQ.

In the remainder of this section, we show how any PSP that satisfies the LICQ (A.2) can be reformulated by
introducing an exact penalty function as an equivalent problem for which the SMFCQ holds. To see this, note
that by using an [, exact penalty function and a sufficiently large but finite penalty parameter vy, the PSP (2)
can be reformulated as follows:

Jmin - F(z,y) +yllx =z,

subject to ¢(z,y) —r=0, (83)
r>0,

where z € " is a vector of auxiliary local variables that will be equal to the global variables x for a sufficiently
large .
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Moreover, by introducing slack variables, problem (83) can be transformed in the following smooth optimiza-
tion problem:
min - F(z,y) +ve, (s+1)

X, 2,¥, 7,8,

subject to ¢(z,y) —r=0, (84)

Z+s—t=x,

r,s,t>0.
A couple of comments are in order. First, note that the proposed regularization only requires the introduction
of linear constraints and linear terms in the objective function. Thus the reformulation will preserve any nice
structure available in the original problem. Second, all variables introduced (z, s, and ¢) must be considered as
local variables. That is, in the general case where there are K subproblems, we must introduce a different set of
variables (z;, s;, t;) for each of the subproblems; that is, for i=1,..., K. As a result, the variables introduced
can be considered as part of the local variable vector ¥, and thus the K subproblems are still only coupled
through the global variables x.

The following proposition shows that satisfaction of LICQ for the original problem implies satisfaction of
SMFCQ for problem (84).

ProPOSITION 6.1.  If the LICQ (Assumption A.2) holds at (x*,y*,r*) for the PSP (2), then the SMFCQ
(Condition C.2) holds at (x,z,y,r,s,t) = (x*, x*, y*, r*,0,0) for (84).

ProOOF. We only need to show that the standard MFCQ holds at (z,y,r,s, ) = (x*, y*, r*,0,0) for the
subproblem that results from fixing the global variables x to x* in problem (84); that is, for problem

min  F(z,y)+vel (s+1)

9,7, 8, t
subject to ¢(z,y) —r=0, (85)
Z+s—t=x",
r,s,t>0.

Note that the gradients with respect to the subproblem variables (z, y, r, s, t) of the equality constraints are the

rows of the following matrix
(Vzc(z, y) Vie(z,y) =I 0 0 )

1 0 0 I -1

Moreover, these gradients are linearly independent at any feasible point for (85) because of the presence of the
identity matrices that correspond to the gradients of the equality constraints with respect to the slack and elastic
variables r, s, and ¢. Moreover, because the LICQ holds for (2), we know that the MFCQ also holds for (2),
and thus there exists (Ax, Ay, Ar) such that

Vee(x™, y)Ax + V,e(x*, y)Ay = Ar=0

and Ary > 0, where Z is the set of indices i for which the nonnegativity bounds r;, > 0 are active at r*. But then
the vector
(Az, Ay, Ar, As, Ar) = (Ax, Ay, Ar, max(0, —Ax) + ¢,, max(0, Ax) +¢,)

satisfies
Vee(x*, y)Az + Ve(x*, y*)Ay — Ar =0
Az+As—Ar=0,

and Ar;, As, At > 0. Thus the MFCQ holds for subproblem (85), and therefore the SMFCQ holds for (84). O
For instance, consider the simple example given in (11). For (a, b) = (2, 1), the minimizer is (x*, y*) = (1, 1)
and it only satisfies LICQ, but not SLICQ. The problem can be reformulated equivalently as

min  1(z—2)+3(y— 1)+ 100(s + 1)

X2,y 81
st. z+y<2,
z—y=0,

—x+4+z+s—1t=0,

s, t>0.
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It is straightforward to show that the minimizer to this problem is (x*, z*, y*, s*,t*) = (1, 1, 1,0, 0) and that it
satisfies SMFCQ.

7. A degenerate Schur approach. In this section, we show how degenerate optimization techniques can
be used to ensure the SIPM converges locally at a fast rate when applied to solve a PSP satisfying SMFCQ. In
the previous section, we showed how a general PSP satisfying simply the LICQ can be reformulated as a PSP
satisfying SMFCQ. As a result, our work extends the applicability of SIPMs to cover general PSPs satisfying
the conventional LICQ.

Our proposed SIPM borrows from the degenerate interior-point method developed by Vicente and Wright [35].
There are two differences between their method and a standard interior-point method. Firstly, they modify the
Newton matrix by perturbing some of the elements in its diagonal. As we show in this section, this perturba-
tion ensures the Schur complement matrix is invertible even when replacing SLICQ by SMFCQ. The second
difference is in the step-size rule: it allows some of the nonnegative variables to become negative if sufficient
progress is made toward the solution. Raghunathan and Biegler [26] show that the methodology of Vicente and
Wright [35] can work with other step-size rules, but to simplify the exposition, we use the same step-size rule
as in Vicente and Wright [35].

7.1. The method. The modified Newton matrix is obtained by perturbing the current iterate for the vari-
ables r, and o} as follows:

min

0, =max(u; e, o), (86)

min )

F =max(uy'"e,,, 1),

min

where u;™" is a positive value and max is the componentwise maximum. With this perturbation, the modified
matrix M, is

Mk:V§g2(xk’yk’fk’Ak’&k)’ (87)

the modified Newton matrix is .
K= . _ 1. (88)

A M,

and the modified Schur complement matrix is
Sk =W, - AA[(Mk)ilAk' (89)

We use the same step size «; for all components of wy; that is, w;; = w; + a; Aw,. Moreover, the step-size
rule is computed as follows:
If both of the following conditions hold (where 7 € (1,2) and (a)_ is the negative part of the vector a):

[(rie + A, A + AXy, 03+ Aoy) || < |8 ()], (90)
lg(wy +Aw; w=0)| < [lg. (0", 1)
then o, = 1.
Otherwise,
o =min(@, 4, &) 1, Xy )s (92)

where «, ,, a, , and a, , are given by (22)—(24).
The resulting modified SIPM is stated in Figure 6.

Initialization: Choose a starting point wy, = (X, Yy ¥y, Ag» 0y) such that ry >0, A, >0, o, > 0.
Set k < 0 and choose the parameters u, >0, ui™" >0 and 7 € (1, 2).
Repeat

(i) Master problem iteration: Compute Ax, by solving system (55) with S, in (89).

(ii) Subproblem iteration: Compute A3, by solving system (30) with M, in (87).

(iii) Line search: Compute the step size e, as in (90)—(92).

(iv) Update iterate: Set w,,, = w; + o, Aw,, where Aw, = (Ax,, Ay,).

(v) Parameter update: Set p,,, >0, ™" >0 and k <k + 1.
Until convergence

FIGURE 6. Modified SIPM.
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7.2. Nonsingularity of A7Ik and S,. In this section, we show that the modified matrices A7Ik and S, are
invertible in the vicinity of a minimizer. This, in turn, implies that the iterates generated by the modified SIPM
are well defined in the vicinity of a minimizer.

First, the following proposition shows that the modified Newton matrix in (88) is invertible in the vicinity of
a minimizer.

PROPOSITION 7.1.  If Assumptions A.1-A.4 hold and u™ = O(|g; [(KN)~"|| is bounded for w,

in a neighborhood of the minimizer w*.

Proor. By Assumptions A.1-A.4, we know by Fiacco and McCormick [17, Theorem 14] and El-Bakry et al.
[16, Proposition 4.1] that [|(KY)~'|| is bounded in the vicinity of the minimizer. Moreover, K = K" + D,, with
D, = O(uM™) = O(|| g, (0)||). Consequently, ||(KYX)~"|| is bounded in a small enough neighborhood around
the minimizer. [J

The following proposition shows that Mk is invertible in the vicinity of the minimizer. The notation a, = ©(b,)
means that there exists 8,, 8, > 0 such that for all k sufficiently large, we have that 0 <, <a,/b, < f3,.

PROPOSITION 7.2.  If Assumptions A.1-A.4 and Condition C.2 hold and p™ = O(||g,
nonsingular for w; in a neighborhood of the minimizer w*.

PrOOF. The proof is made by contradiction. Assume there exists a nonzero vector Aw = (Ay, Ar, AA, Ao)
such that M, Aw = 0. Then (we have omitted the subscript k for convenience),

H, 0 —(Vyelx,y)" 0 Ay

0 0 I -1 Ar
—0, (93)

=Vie(x,y) 1 0 0 AA

0 S 0 k) \Ac

where H,, =V} F(x,y) — >, )\lVVZ)c,(x,y).

Let % be the inactive set {i: r* > 0} and Z be the active set {i: r* =0}. Using this partition, because R, is
invertible, the system (93) can be symmetrized and written in the following form:

H,, 0 —(Vye(x, )’ 0 Ay
0 E I —17 Ar
=0 (94)
~Vie(x,y) I 0 0 AA
0 ~I 0 SR, ) \ Ao,
with L
Aoy =—R,'S,Ary, (95)
and where

RIS, 0
E — B 9B ,
0 0

and I, is the matrix formed by the rows of the identity corresponding to indices in Z.2
First, it is convenient to transform the system (94) via the singular value decomposition of the Jacobian matrix
of the active constraints at (y*, r*). The SVD of this Jacobian matrix can be formulated as

o —Vie(x*,y*) 1 (v v c 0 or 06
_< 0 -1, = )(o 0) vr)’ 0

where U € RmHZDxr ¢ e gpr<r| v e gmtlZDxmtlZl=p) [} ¢ Gpm+mxp {7 g Gplnytmx(ntm=p) "and p is the rank
of the Jacobian matrix J*. Moreover, we will denote by U, and V), the first m rows of U and V, respectively; by
U, and V,, the last |Z| rows of U and V, respectlvely, by U1 and Vl, the first n, rows of Uand V, respectively;
and finally, by U2 and VZ, the last m rows of U and V, respectively.

2 Note that the matrix (10) used in the definition of SLICQ is the 2 x 2 block at the bottom left corner of matrix (94).
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Using the SVD in (96), the following (orthogonal) change of variables can be applied:

Ay 0, \7, 0 O cp
Ar 0, v, 0 o0 cp
_|% " 1. ©7)
AX 0 0 U V Cu
Aa'g 0 0 U2 V2 Cy

where ¢; € RP, ¢y € RHT"P, ¢, € RP, and ¢, € R"HEITP. With this change of variables, system (93) is
equivalent to A ~
vty UtGVv UTJTU UTJTV cp
VIGU VTGV VTJTU VTITV || ¢
R R =0, (98)
utJu U'JV UT'NU UTNV Ccy

vigo vTjv VINU VINV cy

Hyy 0 0 0
G= and N = - .
0 E 0 —33'Ry

Under Assumptions A.1, A.3, A4, and Condition C.2, system (98) can be written near the minimizer as
follows (see Vicente and Wright [35]):

where

D, +0([lgO)) O(lgOIN [ ¢
1 k k _o, 99)
O(ll&(O)1) —-D, cy
where ¢ = (cp, ¢p, cy)s
0G0 0'G*V C
o H:, 0
D,=|V'6*0 V'G*V o[, withG = . (100)
E*
C 0 0
and B 3
D2=V2T(2:74)71R3:V2' (101)

Note that because of the modification introduced in the Newton matrix, ||D,| = ©(]/g,(0)|), and thus D,
is invertible in the vicinity of the minimizer. Therefore we can use the second row of the system in (99) to
compute ¢, as

ey = D5 0(|lg (0)])¢.

Substituting ¢, in the first row of the system in (99), we obtain

(D, +0([&:(0)[) + Ol (0) D5 O(ll g (0)[]))é = 0. (102)
But note that O(||g,(0)[)D5'0(]lg.(0)]|) = O(||g,(0)]]), and thus we have
(D + O(l|g:(0) )¢ =0. (103)

On the other hand, by the results in Vicente and Wright [35, Lemma 4.1], we know that under Assumptions
A.1, A3, A4, and Condition C.2, near the solution, the matrix D, is a O(]|g,(0)||) perturbation of a nonsingular
matrix, and hence it is uniformly nonsingular. This contradicts system (103) and concludes that matrix in (94)
is nonsingular. Therefore, Mk must be invertible in a neighborhood of the minimizer. [

Finally, the following proposition shows that Sk is invertible in the vicinity of the minimizer.

PROPOSITION 7.3.  If Assumptions A.1-A.4 and Condition C.2 hold and u;™ = 0(||g,(0)]
singular for w, in a neighborhood of the minimizer w*.

), then S, is non-

Proor. By Propositions 7.1 and 7.2, the modified Newton matrix_ K Y and the matrix Mk are nonsingular,
respectively, in a neighborhood of the minimizer. This implies that S, must be invertible, or otherwise there
would be multiple solutions to the modified Newton system

KY Aw, = —g (). (104)

in contradiction with the invertibility of K N O
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7.3. Superlinear convergence. Finally, we show that the proposed modification of the SIPM maintains the
good local convergence properties even when the SLICQ is replaced by SMFCQ.

THEOREM 7.1. Suppose that Assumptions A.1-A.4 and Condition C.2 hold, that the barrier parameter is cho-
sen to satisfy pu, = O(||g,(0)]|?) and that u™ = O(|| g, (0)])). If w, is close enough to w*, then the sequence {w,}
generated by the modified SIPM method described in Figure 6 is well defined and converges to w* at a quadratic
rate.

PrOOF.  Propositions 7.2 and 7.3 imply that the matrices Mk and §k are nonsingular in a neighborhood of
the minimizer, and thus the search direction of the SIPM method is well defined in this neighborhood.

Moreover, Assumptions A.1-A.4 ensure that the conditions in Vicente and Wright [35, Theorem 4.3] hold at
the minimizer w*. Therefore the proposed modification of the SIPM converges locally at a quadratic rate. [

8. Conclusions. We establish a theoretical relationship between BDAs and SIPMs. This connection is estab-
lished through the inexact BDA, which we show is a close relative of both BDAs and SIPMs. The relevance of
this relationship is that it is a first step toward closing the gap between the incipient local convergence theory
of BDAs (Alexandrov and Lewis [2], DeMiguel and Murray [14]) and the mature local convergence theory of
interior-point methods (Martinez et al. [24], El-Bakry et al. [16], Yamashita and Yabe [36], Gould et al. [21]).
As a result, we think our analysis constitutes one important step toward the development of a robust convergence
theory for BDAs.

Our second contribution is to show how SIPMs can be applied to solve PSPs that satisfy only the conventional
LICQ but not the Strong LICQ. We accomplish this task in two steps. First, we show that any PSP satisfying
the conventional LICQ can be reformulated by introducing an exact penalty function as a problem satisfying
SMFCQ. Second, we show how degenerate optimization techniques can be used to ensure an SIPM will achieve
fast local convergence when applied to solve a problem satisfying SMFCQ. The importance of this contribution
is that it substantially enlarges the class of problems that can be addressed with SIPMs to include general PSPs
satisfying LICQ. This makes SIPMs a viable alternative to certain practical BDAs (Braun [5], DeMiguel and
Murray [14]), which can deal with problems that satisfy the LICQ and not the SLICQ.
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