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1. Introduction

We study a model of competition in supply chains that
captures several features that have been ignored in much
of the existing literature: simultaneous competition among
manufacturers and retailers, product and retailer differenti-
ation, and retailer risk aversion. Our objective is to under-
stand how these features affect the decentralized supply
chain equilibrium and its efficiency, defined as the ratio of
the aggregate utility of manufacturers and retailers in the
decentralized and centralized chains.

It is well known that aggregate profit in a decentral-
ized supply chain with one manufacturer and one retailer
may be lower than in a vertically integrated chain where
a central planner makes decisions for both the manu-
facturer and the retailer. This is a manifestation of the
double marginalization phenomenon, which was first iden-
tified by Spengler (1950). Two fascinating questions related
to this phenomenon have attracted much attention in the
recent literature; see the review by Cachon (2003). First,
how inefficient is the decentralized supply chain? Sec-
ond, are there any contractual conditions between the
manufacturers and the retailers that coordinate the supply
chain?
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The supply chain with one manufacturer and one
retailer has been extensively studied. Pasternack (1985), for
instance, studies the supply chain where a single manu-
facturer serves a single retailer who faces an exogenously
determined retail price and a stochastic demand. He shows
that there exists a class of contracts—based on a constant
wholesale price and a buy-back rate for any unsold units—
that coordinate this supply chain.

The supply chain where a single manufacturer sup-
plies multiple competing retailers has also been studied.
Bernstein and Federgruen (2005) consider one manufac-
turer and multiple retailers who compete by choosing
their retail prices. They assume that the demand faced by
each retailer is stochastic with a distribution that depends
on the retail prices of all retailers. They show that there
exists a class of nonlinear price-discount sharing contracts
that coordinate the supply chain. Cachon and Lariviere
(2005) identify a class of revenue-sharing contracts that
coordinate the supply chain with one manufacturer and
competing retailers. These contracts require that the retail-
ers share a fixed proportion of their revenues with the
manufacturers, the wholesale price is set equal to a fixed
proportion of the manufacturing cost, and every retailer
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pays an amount equal to the externality its order quan-
tity imposes on its fellow competing retailers. Netessine
and Zhang (2005) consider a supply chain with one manu-
facturer and competing retailers who face an exogenously
determined retail price and a stochastic demand whose dis-
tribution depends on the order quantities of all retailers.
They compare the situations where the retailers compete
on substitute versus complement products, and find that
whereas competition on complements exacerbates the dou-
ble marginalization effect, competition on substitutes alle-
viates it.!

We consider a model of competition in the supply
chain where, in addition to multiple competing retailers,
there are also multiple competing manufacturers. This is a
first step towards bridging the gap between much of the
academic supply chain literature, which focuses on one-
manufacturer-one-retailer, or, at most, one-manufacturer-
many-retailers supply chains, and the much more complex
supply chains encountered in practice; see, for instance,
Netessine (2011). Moreover, our model also captures other
features that have been ignored in much of the existing lit-
erature: product and retailer differentiation, and retailer risk
aversion. Specifically, our model considers multiple man-
ufacturers who compete in quantities to supply a set of
differentiated products to multiple differentiated risk-averse
retailers who compete in quantities to satisfy uncertain
consumer demand. Each manufacturer chooses its supply
quantity for each of the products in order to maximize its
profit, anticipating the reaction of the retailers (that is, their
order quantities) and anticipating also the wholesale prices
resulting from the market clearing conditions. Each retailer
chooses its order quantity for the wholesale market for each
of the products in order to maximize its expected utility
from sales in the retail market. Consumer demand is char-
acterized by a stochastic linear inverse demand function
that captures both product and retailer differentiation and
models uncertainty via a multiplicative noise.

Our model is closely related to that proposed by Corbett
and Karmarkar (2001) (herein C&K), who consider simul-
taneous quantity competition at multiple tiers in the supply
chain. There are several important differences between our
model and their model. On the one hand, our model is more
general than the C&K model in two respects. First, whereas
the C&K model assumes that there is a unique homoge-
neous product and there is no retailer differentiation, our
model allows for both product and retailer differentiation.
Second, whereas the C&K model assumes that the demand
is deterministic, our model assumes that demand is stochas-
tic and the retailers may be risk averse. On the other hand,
our model is more specific than the C&K model in one
dimension: whereas the C&K model considers the general
case where there is competition at multiple tiers in the sup-
ply chain, we restrict our model to the case with only two
tiers. Another important difference between our paper and
the C&K paper is the objective: whereas C&K study entry
decisions in a supply chain, our work focuses on how the

decentralized equilibrium and its efficiency depend on the
structure and characteristics of the supply chain.

Our contribution is fourfold. Our first contribution is to
propose a novel model of competition in the supply chain
that captures simultaneous competition among manufactur-
ers and retailers, product and retailer differentiation, and
retailer risk aversion. Our model is a stylized economic
model; hence, some of its assumptions are unlikely to hold
in a strict sense in real-world supply chains, but we think
that the insights from our model, just like those from other
related stylized models such as the one considered by Cor-
bett and Karmarkar (2001), can help us improve our under-
standing of the effect of competition in real-world supply
chains. Moreover, there are a few real-world situations that
are close to our model and that may help to motivate our
research. This is the case of supply chains manufacturing
and distributing certain standardized commodities such as
printer paper, light bulbs, or construction materials. For
instance, multiple UK retailers such as Euroffice and Ukof-
ficedirect offer multiple standardized copier paper products
(e.g., white A4 paper with weights of 80, 90, 100, and 120
grams per square meter) manufactured by multiple manu-
facturers such as HP, Canon, and E4. Arguably, most con-
sumers would consider the products from the different man-
ufacturers identical. Moreover, there are many other situa-
tions where most consumers would not consider the prod-
ucts from different manufacturers identical, but they would
consider them very similar, and hence the insights from our
model may still be useful. This category includes supply
chains for products such as toothpaste, mineral water, or
milk. For instance, Evian, Volvic, and Vittel all produce
still and sparkling mineral water in plastic bottles of iden-
tical capacity, and multiple UK retailers such as Ocado and
Tesco distribute the nearly identical products from all three
producers.

Our second contribution is to study (analytically) the
symmetric supply chain. We show that under mild assump-
tions there exists a unique equilibrium in the symmetric
chain, we give closed-form expressions for the equilibrium,
and we perform comparative statics. When studying the
effect of increasing the number of retailers, we show that
the results given by Corbett and Karmarkar (2001) hold
also for the more general case with product differentiation,
stochastic demand, and risk-averse retailers. Specifically,
we show that in the symmetric supply chain with either
two manufacturers and three nondifferentiated retailers, or
three manufacturers and two nondifferentiated retailers, the
decentralized chain is efficient. We then show that adding
retailer differentiation to the model yields an interesting
generalization of this result. Specifically, we show that pro-
vided that there is a sufficiently large number of manu-
facturers and retailers, efficiency equal to 1 can always be
achieved by inducing the right degree of retailer differenti-
ation in the symmetric supply chain (for instance, by using
customer loyalty programs). Retailer risk aversion leads
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to triple marginalization: even perfectly competitive retail-
ers require a strictly positive margin to participate in the
retail market, because otherwise they would not be will-
ing to undertake the risk associated with uncertain demand.
Finally, we note that neither risk aversion nor product dif-
ferentiation affects the efficiency of the symmetric supply
chain because in the symmetric chain all manufacturers
produce (and all retailers distribute) each product in the
same quantity, and hence the relative effect of risk aversion
and product differentiation on the utility of the decentral-
ized and centralized chains is the same.

Our third contribution is to study (numerically) the asym-
metric supply chain. We first show how the equilibrium
conditions for the asymmetric chain can be reformulated
as a so-called equilibrium problem with equilibrium con-
straints. We then use numerical methods to study the prop-
erties of the equilibrium for the asymmetric case. Our first
insight is that the efficiency of the decentralized supply
chain may drop rapidly with the asymmetry of either man-
ufacturers or retailers. The reason for this is that while in
the centralized supply chain only the cheapest manufacturer
produces and only the least risk-averse retailer distributes,
in the decentralized chain even the most expensive man-
ufacturers may produce and the most risk-averse retailers
may distribute because of competition. Our second insight
is that, not surprisingly, the asymmetry of product assort-
ments at different retailers leads to a decrease in the degree
of competition among retailers, and thus it has a similar
effect on the equilibrium quantities as a reduction in the
number of retailers. Our third insight is to show that the
efficiency of the decentralized asymmetric chain depends
on both retailer risk aversion and product differentiation
because of the interaction between these features and the
asymmetry of manufacturers and retailers.

Finally, we show that there exists a class of revenue-
sharing contracts—similar to those studied by Cachon and
Lariviere (2005) for the case with one manufacturer and
competing retailers—that may be used to coordinate the
symmetric supply chain with multiple manufacturers and
retailers. Our purpose for studying these contracts is theo-
retical: to improve our understanding of the nature of com-
petition in a supply chain with multiple manufacturers and
retailers. We do not advocate, however, the practical imple-
mentation of these complex contracts.

Our work is related to other papers in the literature.
Perakis and Roels (2007) study competition under price-
only contracts, where it is well known that coordination
cannot be achieved, and so they focus on studying the effi-
ciency of a decentralized supply chain with one manufac-
turer and multiple retailers. They also consider the case
with multiple manufacturers and one retailer, but they do
not consider the case where there is simultaneous competi-
tion between multiple manufacturers and multiple retailers.
Choi (1991) studies price competition between two man-
ufacturers that produce substitute products. He compares
the situation where a single retailer distributes the prod-
ucts of both manufacturers to that where each manufacturer

uses an exclusive retailer. Cachon and Kok (2009) con-
sider two manufacturers who compete to supply a sin-
gle retailer and study the relative merits of the wholesale
price, quantity discount, and two-part tariff contracts. They
conclude that, in the presence of competing manufactur-
ers, a retailer may favor the quantity discount and two-
part tariff contracts to the wholesale price contract, a result
that contrasts with the results obtained in the literature for
the case with a single manufacturer. Our work comple-
ments that of Choi (1991) and Cachon and Kok (2009) by
also considering competition among retailers, in addition to
competition among manufacturers. Finally, Majumder and
Srinivasan (2008) study network supply chains, which are
large interconnected supply chains that are not limited to
one or two tiers, but rather may be composed by multiple
interlinked tiers. They study the effect of contract lead-
ership and leader position on the supply chain efficiency.
They also study competition between supply chain net-
works. Their work differs substantially from ours because
we focus on two-tier chains, where there is competition
in both tiers, whereas Majumder and Srinivasan (2008)
focus on general supply chain networks, where there may
be multiple tiers, and competition occurs between separate
networks.

The rest of this paper is organized as follows. Section 2
states the model. Section 3 gives closed-form expressions
for the unique equilibrium in the symmetric chain. Sec-
tion 4 performs comparative statics on the symmetric chain
equilibrium. Section 5 studies (numerically) the asymmet-
ric chain. Section 6 concludes. The electronic compan-
ion to this paper contains Figures 1-4 and four appen-
dices at http://or.journals.informs.org/. Appendix A gives a
premier on complementarity problems, Appendix B gives
some auxiliary results, Appendix C gives the proofs for all
results in the manuscript, and Appendix D discusses the
coordinating revenue sharing contracts.

2. A Model of Competition Among
Manufacturers and Retailers

Our model considers M manufacturers that compete to sup-
ply P products to N risk-averse retailers who compete
to satisfy uncertain consumer demand. Each manufacturer
chooses its supply quantity for each of the P products in
order to maximize its profit, anticipating the reaction of
the retailers (that is, their order quantities) and anticipating
also the wholesale prices resulting from the market clear-
ing conditions. Each retailer chooses its wholesale mar-
ket order quantity for each of the P products in order to
maximize its expected utility from retail sales, where the
expectation is taken with respect to the distribution of the
retail demand function. The remainder of this section gives
a detailed description of our model.
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2.1. The Retail Market Demand

We assume that retail demand satisfies the following
stochastic linear inverse demand function:

p=(a— Bi)e,

where p € RM is the aggregate price vector, given by p =
(P1> P2» -+ Py), Where p; is the vector of the jth retailer
prices with p; = (pj;, Pj»,---»> Pjp)> Pji is the price of the
Jjth retailer for the kth product, and € is a positive scalar
random variable with mean 1 and finite standard deviation
o. The vector d € RM, where a = (a,, a,,...,ay) and
a;=(aj;,ap,...,a;), gives the prices that the consumers
would be willing to pay if the retail market supply was O
and the random variable € = 1. The matrix B € RVP*N?
is the matrix of inverse demand sensitivities. The vector
X € R is the aggregate retailer order vector, given by X =
(x5 Xy, ..., xy), where x; is the jth retailer order vector
X, = (le, 200 Xjp)-

Linear demand models have been widely used both in
the economics literature (see, for instance, Singh and Vives
1984 and Hickner 2003) and in the operations management
literature (Goyal and Netessine 2007; Farahat and Perakis
2008a, b). In fact, they have been considered in the context
of supply chain competition. Cachon and Lariviere (2005)
mention that the results for their model with competing
retailers can be applied for the particular case of “Cournot
competition with deterministic linear demand,” and they
give as an example a deterministic linear inverse demand
function for a single homogeneous product with retailer dif-
ferentiation. The model studied by Corbett and Karmarkar
(2001) assumes a deterministic linear inverse demand func-
tion for a single homogeneous product without retailer dif-
ferentiation. Our linear inverse demand model extends the
model in Corbett and Karmarkar (2001) in two respects:
first, our model captures demand uncertainty, and second,
our model allows both product and retailer differentiation.

We model demand uncertainty in a multiplicative form
through the scalar random variable €, which appears in the
linear inverse demand function multiplying the term @ — Bx.
We assume that € is positive and has a mean 1 and stan-
dard deviation o. This implies that E[p] = @ — BX is the
expected inverse demand function, and the realized value of
€ determines how far the realized demand function is from
the expected demand function. Bernstein and Federgruen
(2005) also model demand uncertainty using a multiplica-
tive form, although their results do not require linearity of
the demand function.

Our demand model captures product and retailer dif-
ferentiation through the structure of the matrix of inverse
demand sensitivities B. The matrix B can be written as:

Hl GIZ T GlN
GZ] H2 e GZN

GNl GNZ HN

and hence we have p; = (a; — H;x; — 3_,.; G ;;x))€. Prod-
uct differentiation is captured in our model if (H;), , #
(H;)i,5 that is, if at the jth retailer the sensitivity of the
k,th product price to the k,;th product supply is different
from the sensitivity of the k,th product price to the k,th
product supply, or if (H;), i, #(H,);,,; that is, when at a
given retailer, a change in the supply of a given product
has a different impact on the price of that same product
and on the price of a different product. Retailer differen-
tiation is captured in our model if (H; )i, 7 (G} 1, )i x5
that is, when the sensitivity of the k,th product price at the
Jith retailer to the k,th product supply at the j th retailer
is different from the sensitivity of the k,th product price to
the k,th product supply at the jth retailer, or if (H, ), #
(G},j))k x> that is, a change in the supply of a product at
a given retailer affects differently the price of the product
at the same retailer and the price of the product at another
retailer.

2.2. The Retailers

The profit of the jth retailer can be written as
T T n 2
—x;v+x; (a; — B, X)e,

where v= (v, v,, ..., Up) is the vector of wholesale prices
and éj. = (Gjl, s Hyy GjN). The first term in the jth
retailer profit is the wholesale cost of its order quantity
(ijv), and the second term is the retailer’s revenue as a
function of its own order quantity and the order quantities
of the other retailers; that is, the scalar product of the order
vector x; and the retail market clearing price (a; — B L X)E.
Note that the only uncertain component in the jth retailer
profit is the random variable €, which determines the real-
ized demand function, whereas the wholesale price v is
deterministic, and the retailer order vector x; is a decision
that retailers have to make before the uncertalnty about the
retail demand function is resolved.’

We assume that each retailer is risk averse and its prefer-
ences are represented by a mean-standard-deviation utility
function. Specifically, we assume that given a wholesale
price v and the order quantities of the other retailers, the jth
retailer chooses its order quantity x; to maximize a combi-
nation of the mean and standard dev1at10n of its profit:

max —x; v+xT(a —B X) —
XJ>O

ijjT(aj_Bj.)e)U" (1)
where the first two terms in the jth retailer objective func-
tion are the jth retailer mean profit, and the third term is
the standard deviation of the jth retailer profit multiplied
by its risk-aversion parameter ;. Summarizing, the jth
retailer chooses an order quantity that leads to high mean
and low standard deviation of profits. The trade-off between
the mean and the standard deviation can be adjusted by
changing the risk aversion parameter.

A few comments are in order. First, note that most of the
existing supply chain literature assumes retailers are risk
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neutral. This is indeed the case for the three papers that are
most closely related to our work: Corbett and Karmarkar
(2001), Bernstein and Federgruen (2005), and Cachon and
Lariviere (2005). We think the risk neutrality assumption
makes sense in the context of these papers because they
study single-product models that potentially capture only
a fraction of the overall retailer profits. We think the risk-
aversion assumption makes more sense in the context of
our model, which considers multiple products and may rep-
resent the entire retailer product portfolio, and hence may
be used to capture all of the retailer profits. In other words,
it makes more sense to assume that the retailers will be risk
averse when making decisions about their entire product
portfolio than when making decisions about a single prod-
uct. We must note, however, that our model can also be
used to study the case where the retailers are risk neutral
by setting the retailer risk-aversion parameter equal to 0.

Second, we use the mean-standard-deviation utility
function because of its widespread use in industry and
academics. Ever since Markowitz (1952) presented his
seminal work on portfolio selection,* the mean-standard-
deviation utility function has been one of the most popular
approaches to model risk aversion because of its simplicity
and tractability. This is particularly evident in the context
of our model where we can rewrite the jth retailer decision
simply as:

max —xjv+m;x] (a; — B,.%), )
where 7, =1 — y,0. Note that the jth retailer would
optimally choose a zero order unless m; > 0, and hence,
to avoid trivial equilibria herein we assume 7; > 0. The
parameter 7; captures the intensity of the impact of demand
uncertainty on the utility of the jth retailer. If the risk-
aversion parameter and the uncertainty in the demand func-
tion are relatively large, then n; will be close to 0, and the
impact of the demand uncertainty on the jth retailer utility
will be large. If, on the other hand, the risk-aversion param-
eter and the uncertainty in the demand function are small,
then m; will be close to 1 and the impact of uncertainty will
be small. Finally, if the jth retailer is risk neutral (y; =0)
or the demand is deterministic (o = 0), then 1; = 1 and the
uncertainty has no impact on the jth retailer’s decisions.

Third, we assume there is no manufacturer differentia-
tion; that is, we assume all manufacturers sell each of the
P products at the same wholesale market price. We make
this assumption for tractability, but note nonetheless that
assuming there is no manufacturer differentiation is more
realistic than assuming there is no retailer differentiation.
The reason for this is that order quantities in wholesale
markets are typically much larger than those in retail mar-
kets, and hence one may expect that retailers would be less
willing to pay different prices for the same product from
different manufacturers than consumers, who may be will-
ing to pay a higher price for the same product to obtain
it from a retailer that is more conveniently located than
others.

2.3. The Manufacturers

The ith manufacturer chooses its supply quantity to maxi-
mize its profit from sales in the wholesale market, assuming
that the rest of the manufacturers keep their supply quan-
tities fixed, and anticipating the market clearing wholesale
market price as well as the retailer order quantities. In
game-theoretic terms, each manufacturer acts as a Cournot’
player with respect to the other manufacturers, but as a
Stackelberg player with respect to the retailers. Mathemat-
ically, the ith manufacturer faces the following decision:

T, _ Ty

max vy, — ¢y, 3)
M N

st Yo ye=_x;(v), 4)
k=1 j=1

where M is the number of manufacturers, ¢; € R” is the
ith manufacturer unit cost, and x;(v): R” — R” is the jth
retailer order quantity for a given wholesale price v—we
will give conditions later under which the functions x;(v)
are well defined. Note that the objective function (3) is the
ith manufacturer’s profit, whereas constraint (4) represents
the wholesale market clearing conditions.®

Finally, note that in our model all the uncertainty takes
place in the retail market, and that the wholesale market
is deterministic. The reason for this is that in our model
all wholesale-market related decisions are made before the
uncertainty in the retail demand function is realized. As a
result, the objective function of the manufacturer is simply
its profit, which is deterministic, and thus the manufacturer
risk aversion does not play a role in the decentralized chain.

3. The Symmetric Supply Chain

In this section we focus on the case where the supply
chain is symmetric with respect to all manufacturers and
retailers. Specifically, we assume that all manufacturers
have identical costs, all retailers have identical risk-aversion
parameters, and the linear inverse demand function is sym-
metric with respect to all retailers. These conditions are
rigorously stated in the following assumption.

AssUMPTION 3.1 (SYMMETRIC MODEL). The manufacturer
costs satisfy c¢; = c¢ for all i, the retailer risk-aver-
sion parameters satisfy y; =y for all j, the inverse demand
intercepts satisfy a; = a for all j, and the matrix of
inverse demand sensitivities satisfies H; = H for all j and

G, ;, =G forall j, # j,.

3.1. The Centralized Solution in Closed Form

We first consider the case where there is a central planner
whose objective is to maximize the aggregate expected util-
ity of all manufacturers and retailers. We show that under
mild assumptions there exists a unique optimal retailer sup-
ply schedule in the centralized supply chain, and we give
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a closed-form expression for the optimal retailer supply
schedule.

Let the matrix D = (H 4+ (N — 1)G)/N. We will make
use of the following assumptions.

ASSUMPTION 3.2. The matrix B is positive definite.

ASSUMPTION 3.3. The following inequality holds D' (a —
c/m) >0, where n=1—vyo.

The following theorem gives closed-form expressions for
the optimal retailer supply schedule.

THEOREM 3.4. Let Assumptions 3.1, 3.2, and 3.3 hold,
then,

1. there is a unique retailer supply schedule that maxi-
mizes the expected utility of the central planner,

2. the supply schedule is such that every retailer orders
the same quantity vector x and the total supply is

Total supply = Nx = %D’l (a — %), (5)

3. the expected retail price at every retailer is E[p] =
(1/2)(a+c/m),

4. the centralized supply chain total expected utility is
CTU = (n/4)(a—c/n)"D~"(a—c/m),

5. the centralized expected consumer surplus is CS =
(1/8)(a—c/m)"D~ (a—c/n).

Assumption 3.3 implies that the order quantities given by
Equation (5) are strictly positive for all products. Basically,
the assumption requires that the vector of prices at zero
supply a, the manufacturing cost ¢, and the parameter 7
are such that it is profitable to supply a positive amount
of all products in the centralized chain. This is not a very
strong assumption, because it holds provided we remove
from the market all “unprofitable” products.

Note that Assumption 3.2 does not hold for the case
without retailer differentiation; that is, for the case where
H = G and thus D = H. The following proposition,
however, shows that although the optimal retailer supply
schedule may not be unique in the case without retailer dif-
ferentiation, the schedule given in Theorem 3.4 is one of
the multiple centralized schedules that have identical total
supply, expected retail price, and total expected utility, pro-
vided H is positive definite.

ASSUMPTION 3.5. The matrix H is positive definite.

PROPOSITION 3.6. Let Assumptions 3.1, 3.3, and 3.5 hold.
In addition, assume that there is no retailer differentiation
(H = G); then,

1. the following retailer supply schedule maximizes the
expected utility of the central planner: every retailer orders
the same quantity vector x and the total demand is Nx =
(1/2)H"(a —c/m);

2. the expected retail price at every retailer is E[p] =
(1/2)(a+c/n);

3. the centralized supply chain total expected utility is
CTU =10/4, where 0 = (a—c/n)"H ' (a—c/7);

4. and the centralized expected consumer surplus is
CS=0/8.

3.2. The Decentralized Equilibrium in
Closed Form

We now focus on the decentralized supply chain where M
manufacturers and N retailers compete to maximize their
individual utilities.

3.2.1. Assumptions. We need the following assump-
tion to prove the existence and uniqueness of equilibrium
in the symmetric decentralized supply chain.

ASSUMPTION 3.7. The matrix B + H is positive definite,
where

H G --- G
G H --- G
B= and
G G H
H 0 0
0 H 0
H =
0 o ... H

Note that Assumption 3.7 is weaker than Assump-
tion 3.2, which is required to show the existence and
uniqueness of a centralized optimal supply schedule.’

3.2.2. Retailers Equilibrium. The following propo-
sition shows that the retailer equilibrium is unique,
symmetric, and can be found as the solution to a linear
complementarity problem (LCP); see Appendix A for a pre-
mier on complementarity problems, and Cottle et al. (2009)
and Luo et al. (1996) for an in-depth treatment.

ProrosITION 3.8. Let Assumptions 3.1 and 3.7 hold; then
1. there exists a unique retailers equilibrium,
2. the retailers equilibrium is symmetric,
3. the order quantity of each retailer is the unique solu-
tion to the following LCP:

0< = —a+QH+(N-1)G)x Lx>0, (©)
n

where given s,t € R", the expression 0 < s Lt >0 means
that for each component k = 1,2,...,n, we must have
that either s, =0 or t, =0, and both s, and t, must be
nonnegative.

Let the matrix B= (2H + (N — 1)G)/(N + 1). To give
a closed-form expression for the retailer order quantities in
equilibrium, we need to make one more assumption.

ASSUMPTION 3.9. The following condition holds at equilib-
rium B™'(a —v/7n) > 0.
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ProposiTION 3.10. Let Assumptions 3.1, 3.7, and 3.9 hold.
Then, there exists a unique retailer equilibrium at which
every retailer orders the following quantity:

_N—i-lB (a n). @)
Assumption 3.9 implies that the order quantities given
by Equation (7) are strictly positive for all products. Basi-
cally, the assumption requires that the vector of prices at
zero supply a, the wholesale price v, and the parameter n
are such that it is profitable to supply and sell a positive
amount of all products. This is not a very strong assump-
tion because it holds provided we remove from the market
all “unprofitable” products.

X

3.2.3. Manufacturer-Retailer Equilibrium. The fol-
lowing theorem gives closed-form expressions for the equi-
librium quantities in the symmetric supply chain.

THEOREM 3.11. Let Assumptions 3.1, 3.7, and 3.9 hold.
Then there exists a unique manufacturer-retailer equilib-
rium, at equilibrium every manufacturer supplies the same
quantity y, every retailer orders the same quantity x, and
the total supply is

Total supply = My = N MN B*‘( C)
olal su, = = Nx=———-—— a— —).
PPy =Y M+ 1)(N+1) n

Table 1.

Moreover, the wholesale price, expected retail price, man-
ufacturer profit, retailer utility, aggregate utility, and con-
sumer surplus are given by the closed-form expressions in
Theorem C.1 in Appendix C (p. 38).

An important particular case is the case without retailer
differentiation; that is, H = G and thus B = D. Proposi-
tion 3.12 shows that the closed-form expressions in Theo-
rem C.1 can be further simplified for this particular case,
and the first column (labeled “General (M, N)”) in Table 1
gives the simplified expressions.

ProPOSITION 3.12. Let the assumptions of Theorem 3.11
hold, and assume also that there is no retailer differ-
entiation (that is, H = G). Then there exists a unique
manufacturer-retailer equilibrium, at which every manufac-
turer supplies the same quantity, and every retailer orders
the same quantity. Moreover, the equilibrium quantities for
this case are as stated in the first column (labeled “General
(M,N)”) in Table 1.

The following proposition gives the closed-form expres-
sion for the supply chain efficiency for the case with-
out retailer differentiation. Moreover, it also establishes the
monotonicity properties of the equilibrium quantities and
the supply chain efficiency as functions of the number of
manufacturers and retailers for the supply chain without

Equilibrium quantities in decentralized and centralized supply chains.

Decentralized supply chain

Centralized

General (M, N)

M=1 N=1

M=o00, N=1 M=1,N=c0c M=o, N=00 General (M, N)

Aggregate supply

Mc .
Wholesale price MZ— ; <a + i) g(a + i)
n n
I MN c 3 c
Retail price (exp.) a— UECET) a— p i + i
MN
Manufacturer profit n m 0 a 0
M’N
Retailer utility (exp.) nme %
. MN(M+N +1) 3
Aggregate utility (exp.) nm E()
- AMN(M + N +1) 3
Efficiency W 1
1 M?N? 1
Consumer surplus (exp.) 3 W 0 e 0

LH"( _£> lH*I( — =
mrown+n \"Ty) 7 "7y

T

| c | c . c | I c
-H a—— = a—— H la—— “H a——
2 Ui 2 m m 2 ]

W~
N
Q
+ o
30
N——
DI SRS
Q 2
+ +
3o 30
~— ~—
3o a
N —
N
Q
+ |
30
N——

7
0 L) 0 —
4

L 0 0 —
4

L AL 0 AL
4 4 4
1 1 0 1
1 ! 1 !
_0 Ly ~0 Ly
8 8 2 8

Notes. This table gives the equilibrium quantities in the decentralized and centralized supply chains for the case without retailer differentiation
(H = G). The first column in the table lists the eight different equilibrium quantities reported: the aggregate supply, the wholesale price, the
expected retail price, the aggregate manufacturer profit, the aggregate retailer expected utility, the aggregate supply chain expected utility, the
supply chain efficiency, and the expected consumer surplus. The second column reports the equilibrium quantities for the general case with
M manufacturers and N retailers (M, N), which are given by Proposition 3.12. Columns third to sixth report the equilibrium quantities for the
following particular cases: one manufacturer and one retailer (M = N = 1), an infinite number of manufacturers and one retailer (M = oo, N = 1),
one manufacturer and an infinite number of retailers (M =1, N = ), and an infinite number of manufacturers and retailers (M = N = 0); these
quantities are trivially obtained from Proposition 3.12. Finally, the seventh column reports the optimal quantities for the centralized supply
chain, which are given by Proposition 3.6.
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Table 2. Monotonicity properties of the decentralized equilibrium quantities and supply chain efficiency.

Panel A: Decentralized equilibrium quantities

Quantity Evolution as a function of M Evolution as a function of N
Aggregate supply Increasing Increasing
Wholesale price Decreasing Constant

Expected retail price Decreasing Decreasing
Manufacturer profit Decreasing Increasing
Expected retailer utility Increasing Decreasing
Expected consumer surplus Increasing Increasing

Panel B: Supply chain efficiency

Number of
manufacturers M
(Number of retailers N)

Evolution with N
(Evolution with M)

Efficiency-maximizing N
(Efficiency-maximizing M)

Maximum efficiency
(Maximum efficiency)

1 Increasing 00 1
2 Strictly concave 3 1
3 Strictly concave 2 1
4,5 Strictly concave 2 <1
=6 Decreasing 1 <1

Notes. This table gives the monotonicity properties of the decentralized equilibrium quantities and the supply chain efficiency for the case
without retailer differentiation. Panel A gives the properties for the equilibrium quantities, whereas Panel B gives the properties for efficiency.
The first column in Panel A lists the different equilibrium quantities considered: the aggregate supply, the wholesale price, the expected retail
price, the aggregate manufacturer profit, the aggregate retailer expected utility, and the expected consumer surplus. The second and third
columns report how the equilibrium quantities vary with the number of retailers and manufacturers, respectively. For Panel B, we observe
that the monotonicity properties of the efficiency with respect to the number of retailers N for fixed number of manufacturers M are identical
to the monotonicity properties with respect to the number of manufacturers M for fixed number of retailers. The first column in Panel B lists
different cases for fixed number of manufacturers M (equivalently fixed number of retailers N). The second column reports how the supply
chain efficiency varies with the number of retailers (equivalently with the number of manufacturers). The third column reports the value of
the number of retailers (equivalently, number of manufacturers) for which the efficiency is maximum. Finally, the fourth column reports the

maximum efficiency.

retailer differentiation. Table 2 summarizes these mono-
tonicity properties.

ProposITION 3.13. Let the assumptions in Propositions 3.6
and 3.12 hold; then the supply chain efficiency is

AMN(M + N +1)
(M +1)2(N +1)?°
If, in addition, a — c/m > 0, then the monotonicity prop-
erties of the equilibrium quantities and the supply chain

efficiency as functions of the number of manufacturers and
retailers are as stated in Table 2.

®)

efficiency =

Note that the assumption that a > ¢/7 is not very strong,
because it only requires that the vector of prices the cus-
tomers would be willing to pay for the products assuming
the aggregate supply was zero for all products and € = 1
(that is, @) is larger than a multiple of the manufacturing
cost vector c.?

4. Discussion of the Symmetric

Supply Chain
To gain understanding about the decentralized supply chain,
we now discuss how the decentralized equilibrium quanti-
ties for the symmetric chain depend on the number of man-
ufacturers and retailers, the degree of product and retailer
differentiation, and the retailer risk aversion.

4.1. Number of Manufacturers and Retailers

We focus on the case where there is no retailer differentia-
tion, because in this case we can carry out a fair comparison
between supply chains with different number of retailers.
The reason for this is that in the absence of retailer differ-
entiation, the aggregate demand function (aggregated over
the multiple retailers) depends only on the retail price and
not on the number of retailers. This result is rigorously
established in the following proposition.

PROPOSITION 4.1. Let Assumptions 3.1 and 3.5 hold, and
assume also that there is no retailer differentiation. Then
the aggregate demand function depends only on the retail
price and not on the number of retailers in the supply chain.

For the remainder of this section we assume that the
assumptions in Propositions 3.6, 3.12, and 3.13 hold.
Tables 1 and 2 compile the results from these three
propositions.

4.1.1. One Manufacturer and One Retailer. We first
compare the decentralized equilibrium for the case with
one manufacturer and one retailer with the centralized solu-
tion. We observe that as a result of double marginaliza-
tion, the aggregate supply in the decentralized supply chain
with one manufacturer and one retailer is half of the sup-
ply in the associated centralized chain. Also, assuming
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a > c/m, the expected retail price is higher in the decen-
tralized chain than in the centralized chain. In addition,
the expected aggregate utility in the decentralized chain
with one manufacturer and one retailer is 25% lower than
that in the centralized supply chain. We also note that the
manufacturer profit is higher (specifically, double) than the
expected retailer utility—the explanation for this is that
the manufacturer has the advantage of being the leader in
the Stackelberg game; see Vives (1999, §7.4). Finally, we
note that the expected consumer surplus in the decentral-
ized chain is one fourth of that in the centralized chain;
that is, double marginalization has a strong negative impact
on consumer surplus.

4.1.2. M Manufacturers and N Retailers. We use
the results in Table 2, which are proved in Proposition 3.13,
to analyze the dependence of the decentralized equilibrium
on the number of manufacturers and retailers.

The aggregate supply increases when either the number
of manufacturers or retailers increases; that is, whenever
the degree of competition among manufacturers or retail-
ers increases. Also, the wholesale price decreases when the
number of manufacturers increases, but it does not depend
on the number of retailers. The explanation for this is that
the retailers are price takers with respect to the whole-
sale market price, and hence the wholesale market price
depends only on the intensity of competition among the
manufacturers and not among retailers. The expected retail
price decreases whenever we increase either the number of
manufacturers or retailers. Essentially, an increase in the
number of manufacturers leads to a decrease of the whole-
sale price, and part of this decrease is passed on by the
retailers to the final consumers. Also, even for a fixed num-
ber of manufacturers, an increase in the number of retail-
ers leads to lower retail prices because of the effect of
increased competition.

With respect to manufacturer profit, expected retailer
utility, and consumer surplus, we note that an increase in
the number of manufacturers leads to a decrease in the
aggregate manufacturer profit and an increase in the aggre-
gate expected retailer utility; that is, retailers benefit from
increased competition among manufacturers. Likewise, an
increase in the number of retailers leads to a decrease in
aggregate expected retailer utility and an increase in aggre-
gate manufacturer profit. Finally, increasing either the num-
ber of manufacturers or retailers results in an increase in
the expected consumer surplus; that is, consumers always
benefit from an increased degree of competition regardless
of whether it is among manufacturers or retailers.

We now focus on the supply chain efficiency. For the case
with a monopolist manufacturer, the efficiency is strictly
increasing in the number of retailers, and it converges
to one as the number of retailers grows large. The intu-
ition is that as the degree of competition among retailers
increases, the market power of the monopolistic manufac-
turer increases, and hence the decentralized equilibrium

gets closer to the centralized solution. Moreover, in the
limit as the number of retailers grows large, the retail-
ers become perfect competitors, their utility vanishes, and
hence the efficiency is equal to one. Note that part of the
retailers’ utility goes to the manufacturers, and part to the
consumers, whose surplus increases monotonically with
the number of retailers. On the other hand, when there are
six or more manufacturers, the efficiency is decreasing in
the number of retailers. The interpretation for this is that
when there are six or more manufacturers, the degree of
competition among manufacturers is such that the bene-
fit to them of an increased degree of competition between
the retailers is smaller than the utility loss for the retailers.
Finally, when the number of manufacturers is between two
and five, the efficiency is strictly concave in the number
of retailers and achieves a unique maximum. This maxi-
mum efficiency is equal to 1 for the cases with two man-
ufacturers and three retailers and three manufacturers and
two retailers—basically, these are situations where there
is a perfect balance between the degrees of vertical and
horizontal competition, and hence the decentralized chain
is efficient. We observe identical symmetric insights for
the case where we keep the number of retailers fixed and
change the number of manufacturers. Finally, from col-
umn 6 in Table 1, we observe that in the supply chain
with a large number of both manufacturers and retailers, the
aggregate supply in the decentralized chain is larger than
that in the centralized chain, and the aggregate expected
utility is 0. This is a situation where both the manufacturers
and the retailers face a situation of perfect competition, and
hence both the manufacturer profits and the retailer util-
ity vanish. Also, note that for this case, expected consumer
surplus is very high (compared to the cases with a small
number of manufacturers and retailers) because all supply
chain value is captured by the consumers.

4.2. Retailer Differentiation

Our analysis in the previous section confirms that the
results in (Corbett and Karmarkar 2001, Proposition 2) also
hold in the context of our model with differentiated prod-
ucts, stochastic demand, and risk-averse retailers. We now
show how this result can be generalized for the case with
retailer differentiation.

To study the effect of retailer differentiation in isola-
tion from the effect of product differentiation, we focus on
the case where there is a single product. We also assume
that H = 1 and we analyze how changes in the value
of G between 0 (the case when retailers are completely
differentiated) and 1 (the case when there is no retailer
differentiation) affect the decentralized equilibrium. Note
that changing the value of G is equivalent to changing
the demand function, and hence it is hard to compare the
decentralized equilibria corresponding to different values
of G. Instead, we focus on how the efficiency of the decen-
tralized chain depends on the degree of retailer differen-
tiation. We define v = H — G =1 — G as the degree of
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retailer differentiation—when v = 0, there is no retailer dif-
ferentiation, whereas when v = 1 retailers are completely
differentiated.

PrROPOSITION 4.2. Let the assumptions in Theorems 3.4 and
3.11 hold. Assume also that the number of retailers is
greater than or equal to two (N = 2), there is a single
product, and the matrix H = 1. Then

1.if M=1and N < oo, or if N=M =2, the sup-
ply chain efficiency is strictly decreasing in the degree of
retailer differentiation v and is strictly smaller than 1. If
M =1 and N = oo, then the efficiency is equal to 1 for
all v;

2. if (N,M)=(2,3) or (N,M) = (3,2), the supply
chain efficiency is strictly decreasing in the degree of
retailer differentiation v, and the efficiency for the case
without retailer differentiation is 1;

3. otherwise (if (N — 1)(M — 1) > 2), then the supply
chain efficiency is strictly concave in the degree of retailer
differentiation, and it reaches its unique maximum equal
tolforv=1-2/((M—1)(N—1)).

The results of this proposition are illustrated in Figure 1.
One way to interpret Proposition 4.2 is that increasing
retailer differentiation has an effect on efficiency equiv-
alent to that of decreasing the number of retailers. The
intuition is that both increasing retailer differentiation and
decreasing the number of retailers have the same effect:
reducing the intensity of competition among retailers. For
instance, for the case with a single manufacturer, we know
from §4.1 that increasing the number of retailers increases
the efficiency in the absence of retailer differentiation. In
the case with one manufacturer and differentiated retail-
ers, decreasing the degree of retailer differentiation also
increases efficiency. It is easy to see that increasing retailer
differentiation and decreasing the number of manufac-
turers also have the same impact on efficiency for the
cases with (N, M) =(2,3) or (N, M) =(3,2) or the case
(N—-DM-1)>2°

Finally, our analysis shows that retailer differentiation
yields an interesting generalization of the result by Corbett
and Karmarkar (2001) that two manufacturers and three
retailers (or three manufacturers and two retailers) lead to
efficient decentralized chains in the case without retailer
differentiation. Specifically, our result shows that if there
is a sufficiently large number of manufacturers and retail-
ers (N —1)(M — 1) > 2, efficiency equal to 1 can always
be achieved by choosing the right degree of retailer dif-
ferentiation. This result is similar in spirit to the result by
Netessine and Zhang (2005), who show in the context of
their model that under certain conditions a supply chain
where the retailers compete on substitutable products can
always be perfectly coordinated by choosing the wholesale
price appropriately.

4.3. Product Differentiation

To study the effect of product differentiation in isolation
from the effect of retailer differentiation, we focus in this

section on the case without retailer differentiation, and we
study how changes in the matrix H affect the decentralized
equilibrium. Note that changing the matrix H is tantamount
to changing the demand function, and hence it is difficult
to derive insights from comparing the decentralized equi-
librium for different values of H. Instead, we compare the
decentralized equilibrium to the centralized one and see
how their difference depends on the product differentiation,
represented by matrix H.

PROPOSITION 4.3. Let the assumptions in Propositions 3.6
and 3.12 hold. Then,

1. the decentralized and centralized aggregate supplies
(S; and S., respectively) satisfy S;/S, =2MN /(M +1) -
(N+1));

2. the efficiency is 4MN(M + N + 1)/(M + 1)* -
(N+1)%);

3. the decentralized wholesale and expected retail prices
do not depend on matrix H.

Proposition 4.3 shows that although the decentralized
aggregate supply and utility in the symmetric chain depend
on product differentiation, the ratio of these quantities to
their centralized counterparts does not; that is, the supply
chain efficiency in a symmetric chain is independent of the
degree of product differentiation. The explanation for this
is that in the symmetric supply chain, all retailers distribute
(and all manufacturers produce) identical quantities of each
product (both in the decentralized and centralized chains),
and as a result the relative impact of the degree of product
differentiation on the supply quantities and utility in the
centralized and decentralized settings is the same. In §5,
however, we will show that in the asymmetric supply chain,
efficiency may vary with the degree of product differen-
tiation because of the interaction between the degree of
product differentiation and the asymmetry of either manu-
facturers or retailers.

4.4. Retailer Risk Aversion and
Demand Uncertainty

The following proposition characterizes the effect of the
retailers risk aversion on the decentralized supply chain
equilibrium.'°

PROPOSITION 4.4. Let the assumptions in Theorem 3.11
hold. Then,

1. the aggregate supply, wholesale price, and retail price
in a supply chain with risk-averse retailers with parameter
n = 1—vyo coincide with those in a supply chain with the
same demand function, but with risk-neutral retailers, and
with manufacturer costs ¢ =c/m > c,

2. the manufacturer profit, expected retailer utility, and
aggregate expected utility in a supply chain with risk-averse
retailers with parameter =1 — yo are equal to those in
the chain with manufacturer costs ¢ = c/m and with risk-
neutral retailers multiplied by the factor n < 1.
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Proposition 4.4 can be interpreted as retailer risk aver-
sion leading to an additional level of marginalization. In a
decentralized chain with risk-neutral retailers, there is dou-
ble marginalization: both the manufacturers and the retail-
ers must make a strictly positive margin, and this leads to
lower supply and lower aggregate profits. When, in addi-
tion, the retailers are risk averse, there is an additional
level of marginalization, which has an effect equivalent to
increasing the manufacturing cost from ¢ to ¢/m."! The
effect of triple marginalization is evident in Table 1, where
we note that when there is an infinite number of risk-averse
retailers, the expected retail price is strictly larger than the
wholesale price (by a factor of 1/m). The reason for this
is that even when the number of retailers is infinite and
thus retailers are perfect competitors, a retailer still requires
a strictly positive margin to undertake the risk associated
with demand uncertainty.

The following corollary applies the result in Proposi-
tion 4.4 to the particular case where there is no retailer dif-
ferentiation and products are perfectly differentiated,'? and
shows that triple marginalization leads to lower aggregate
supply, higher expected retail prices, and lower expected
utility, but leaves supply chain efficiency unaltered. In a
different context (a single risk-averse newsboy), Eeckhoudt
et al. (1995) also give conditions under which risk aversion
leads to lower order quantities.

COROLLARY 4.5. Let the assumptions in Propositions 3.6
and 3.12 hold. Then,

1. the expected retail price in the supply chain with risk-
averse retailers is higher than in the equivalent supply
chain with risk-neutral retailers;

2. the efficiency of the decentralized chain with risk-
averse retailers is equal to that in the chain with risk-
neutral retailers.

If, in addition, products are perfectly differentiated (H is
diagonal), then

3. the aggregate supply in the chain with risk-averse
retailers is lower than in the equivalent chain with risk-
neutral retailers,

4. the manufacturer profit, expected retailer utility, and
expected aggregate supply chain utility are smaller than in
the equivalent chain with risk-neutral retailers.

Corollary 4.5 shows that in the symmetric supply chain
the efficiency does not depend on the degree of retailer risk
aversion. The explanation for this is that in the symmetric
supply chain all the retailers distribute the same quantity
of each product (both in the decentralized and centralized
chains), and as a result the relative impact of risk aversion
on the supply chain utility is the same in the decentralized
and centralized settings. In §5, however, we show that for
the case with asymmetric retailers the efficiency depends
on retailer risk aversion.

5. The Asymmetric Supply Chain

We now focus on the general (asymmetric) supply chain.
We will use a numerical approach to analyze the asymmet-
ric supply chain, with two purposes: (i) to study how the
asymmetry of the supply chain affects the equilibrium, and
(ii) to check which of the insights obtained for the sym-
metric supply chain also hold for asymmetric chains.

Section 5.1 gives a summary of our main findings from
the analysis of asymmetric supply chains. Section 5.2
describes the numerical approach we use to study the asym-
metric supply chains. Section 5.3 gives the details of our
analysis.

5.1. Summary of Insights

Our first insight is that the efficiency of the decentralized
supply chain may drop rapidly when manufacturers are
asymmetric (they have different costs) or when retailers are
asymmetric (they have different risk aversion). The reason
for this is that whereas in the centralized supply chain only
the cheapest manufacturer produces and only the least risk-
averse retailer distributes, in the decentralized chain even
the most expensive manufacturers may produce and the
most risk-averse retailers may distribute because of com-
petition, and this leads to a sharp decrease in efficiency.

Our second insight is that, not surprisingly, the asymme-
try of product assortments at different retailers leads to a
decrease in the degree of competition among retailers, and
thus it has a similar effect on the equilibrium quantities as
a reduction in the number of retailers.

Our third insight is to show which of the insights from
the symmetric chain also hold for the asymmetric chains
we consider, and which do not. We find that the following
results obtained for the symmetric chain also hold for the
asymmetric chains we consider: (i) in asymmetric chains
with one manufacturer (retailer), the efficiency increases
with the number of retailers (manufacturers); and (ii) the
efficiency is a unimodal function of the degree of retailer
differentiation. We find, on the other hand, that some of
the results obtained for the symmetric chain do not hold in
general for asymmetric chains: (i) efficiency does depend
on retailer risk aversion provided the retailers are asym-
metric, and (ii) efficiency may depend on the degree of
product differentiation because of the interaction between
product differentiation and the asymmetry of either asym-
metric manufactures or asymmetric retailers.

5.2. Computing the Manufacturer
Retailer Equilibrium

We first show that for the general (asymmetric) supply
chain, there exists a unique retailers equilibrium under
the following assumption, which is equivalent to Assump-
tion 3.7 in the context of the asymmetric supply chain.
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ASSUMPTION 5.1. The matrix B + H is positive definite,
where

H, Gy, - Gy
Gy H, o Gy
B= . . ) . and
Gy Gy, -+ Hy
H, 0 0
0 H, - 0
H =
0 0 ... Hy

PROPOSITION 5.2. Let Assumption 5.1 hold; then there
exists a unique retailers equilibrium, which is the unique
solution to the following linear complementarity problem
(LCP):

0<G+(B+H)iLi>0, ©9)

where ¢ = (v/M, — a;, v/N, —ay, ..., 0/ Ny — dy).

From Proposition 5.2, we know that the jth retailer equi-
librium order quantity x; can be expressed as an implicit
function of wholesale price vector v. This formally justifies
our formulation of the ith manufacturer decision as problem
(3)-(4). For computational purposes, however, it is more
practical to rewrite the ith manufacturer decision problem
as the following mathematical program with equilibrium
constraints (MPEC):

max vy — ¢y, (10)
Yis X, U
M N
st Y ye=>_x; (11)
k=1 j=1
0<G+(B+H)ZLE>0, (12)
y; 2 0. (13)

Note that the objective function of problem (10)—(13) is
the ith manufacturer profit, the first constraint (11) rep-
resents the wholesale market clearing conditions, and the
second constraint (12) is the linear complementarity prob-
lem characterizing the retailers equilibrium. As explained
in Appendix A, the term mathematical program with equi-
librium constraints refers to the fact that we have imposed
the LCP characterizing the retailers equilibrium as a con-
straint to the ith manufacturer problem.

A manufacturer retailer equilibrium is then a set of
retailer order quantities and manufacturer production quan-
tities that solve the MPECs representing the decisions of all
M manufacturers. Equivalently, the manufacturer-retailer
equilibrium is the solution to the equilibrium problem with

equilibrium constraints (EPEC) that is defined by group-
ing the MPEC problems of all manufacturers. To find the
equilibrium, we use the numerical solver PATH (Ferris and
Munson 2000) to find a point that simultaneously satisfies
the optimality conditions of the MPECs corresponding to
the M manufacturers. This numerical approach is similar
to that proposed by Hu (2002) and used, for instance, by
Ehrenmann (2004), Leyffer and Munson (2005), Hu and
Ralph (2007), and DeMiguel and Xu (2009).

Note that although we have shown that under mild
assumptions the retailer’s equilibrium is unique, we have
not shown that the manufacturer-retailer equilibrium is
unique for the asymmetric chain. This is not surprising,
because it is unusual to be able to show uniqueness of equi-
librium for asymmetric multiple-leader-multiple-follower
games; see DeMiguel and Xu (2009) and the references
therein. In our numerical experiments, however, we have
always found a single equilibrium, which suggests that the
equilibrium is unique for the examples we consider.

5.3. Discussion

5.3.1. Asymmetric Manufacturing Costs. We con-
sider a supply chain with four manufacturers, two retailers,
and two products. We assume that there is no retailer differ-
entiation. We use the following supply chain parameters: '3

1
a].:a:(l), VJ, and

I 05

, Vi k#]. 14
05 1) Jok#j (14)

We assume that the retailers are identical with n, =, =
0.9, but the manufacturers are asymmetric; three of the
manufacturers have identical unit production cost ¢ =
(0.1, 0.1), but the unit production cost of the fourth man-
ufacturer is ¢, = C,(1, 1), where C, € R ranges between 0
and 0.5.

Our main insight is that the efficiency of the decentral-
ized supply chain may drop sharply with the asymmetry of
the manufacturers because whereas in the centralized sup-
ply chain only the cheapest manufacturers produce, in the
decentralized chain all manufacturers may produce. This is
illustrated in the left plot in Figure 2, which depicts the
supply chain efficiency as a function of the fourth manufac-
turer’s cost C,. The plot shows that the efficiency attains a
local maximum for the symmetric case, when all four man-
ufacturers have the same cost equal to 0.1, and has a global
maximum equal to 1 for high values of C,. The explanation
for this is simple: when the fourth manufacturer’s produc-
tion cost is 0.1 for both products, all four manufacturers are
identical, and hence every manufacturer produces the same
quantity, both in the centralized and decentralized chains.!*
When the fourth manufacturer’s cost is smaller than 0.1,
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in the centralized chain only the cheapest fourth manu-
facturer produces, but in the decentralized setting all four
manufacturers still produce, and therefore the supply chain
efficiency drops rapidly. When the fourth manufacturer’s
cost is larger than 0.1, in the centralized chain only the first
three manufacturers produce, but not the fourth, which is
the most expensive, whereas in the decentralized setting all
four manufacturers still produce. Therefore, the efficiency
also drops, but less rapidly. When C, approaches 0.3, in the
decentralized chain the fourth manufacturer produces less
as its costs become higher, and as a result the supply chain
efficiency increases. For C, beyond 0.3, the fourth manu-
facturer’s cost becomes prohibitively expensive, and hence
only the three symmetric manufacturers produce. Conse-
quently, the efficiency of the supply chain becomes equal
to one, because we know from Proposition 3.13 that the
efficiency of a symmetric supply chain with three manu-
facturers and two nondifferentiated retailers is 1.'

5.3.2. Asymmetric Retailer Risk Aversion. We now
consider the case with four retailers and two manufacturers.
We also assume that there is no retailer differentiation. We
consider supply chain parameters as in (14). We assume
that the two manufacturers are symmetric with ¢, = ¢, =
(0.1,0.1), but the retailers are asymmetric: three of them
have identical parameter 1 = 0.9, but the fourth retailer has
a different parameter 7,.

Our main insight is that the supply chain efficiency may
drop sharply as a result of retailer asymmetry because
whereas in the centralized supply chain only the least risk-
averse retailers order, in the decentralized chain all retail-
ers may order. This is illustrated in the right plot in Fig-
ure 2, which depicts the efficiency as a function of 7,.
The plot shows that the efficiency has a local maximum
for the symmetric case, where all four retailers are identi-
cal, and has a global maximum equal to 1 for low values
of n,, when the fourth retailer has very high risk aversion.
This makes sense: when n, = 0.9, all four retailers have
the same risk aversion, and hence their order quantities are
identical, both in the centralized or decentralized chains.
When 7, increases from 0.9, in the centralized chain, only
the fourth retailer (the least risk averse) orders a positive
quantity, but in the decentralized setting all four retail-
ers order, and therefore the efficiency drops rapidly. If 7,
decreases from 0.9, in the centralized chain, the first three
retailers order, but not the fourth, which is the most risk
averse, whereas in the decentralized setting all four retail-
ers still order. Therefore, the efficiency also drops, but less
rapidly. When 7, decreases towards 0.65, in the decen-
tralized chain the fourth retailer orders less as it becomes
more risk averse, and as a result the supply chain efficiency
increases. We observe that for n, below 0.65, the fourth
retailer is extremely risk averse and chooses an order quan-
tity equal to zero. As a result, there are in effect only three
symmetric nondifferentiated retailers and two symmetric
manufacturers, and we know from Proposition 3.13 that the
efficiency is then 1.6

REMARK 5.3. Our analysis shows that, although in sym-
metric chains the supply chain efficiency is independent of
the retailer risk aversion, in an asymmetric chain the effi-
ciency may depend on the degree of retailer risk aversion.
To see why, note first that in the symmetric supply chain, all
retailers distribute the same quantity of each product (both
in the decentralized and centralized chains), and hence the
relative effect of risk aversion on the utility is the same in
both settings. In the asymmetric chain, on the other hand,
whereas in the centralized setting only the least risk-averse
retailer distributes, in the decentralized setting all retailers
may distribute (because of competition), and hence the effi-
ciency depends on the difference between the risk aversions
of the different retailers.

5.3.3. Asymmetric Retailer Product Assortments.
We now consider the case with two retailers, three manu-
facturers, and two products. We also assume that there is
no retailer differentiation. We consider supply chain param-
eters as in (14). We assume that the retailers have identical
risk-aversion parameter nn = 0.9, and the three manufactur-
ers have identical unit production cost ¢ = (0.1, 0.1), but
we compare the equilibria for the cases when the two retail-
ers carry asymmetric product assortments (the first retailer
carries only the first product and the second retailer carries
only the second product), and the case when the retailers
carry symmetric assortments (both retailers may carry both
products).

Figure 3 shows that introducing asymmetric product ass-
ortment leads to a decrease in supply quantities and an
increase in retail prices, while leaving wholesale prices
unaffected. Thus, the retailers’ expected utility grows,
and the manufacturers’ profits and the consumer surplus
decrease. The explanation for this is that in the case with
asymmetric assortments, the degree of competition among
the two retailers is smaller because they sell different prod-
ucts. As a result, the retailers choose to order smaller quan-
tities, which results in higher retail prices, whereas they still
pay the same wholesale prices as in the case with symmet-
ric assortment.!” Consequently, the expected retailer utility
is higher in the case with asymmetric assortment, whereas
the manufacturers profits are lower. Because the quantities
are lower and the retail prices higher, consumer surplus
decreases. Essentially, introducing asymmetric assortment
has the same effect as reducing the number of retailers: they
both decrease the degree of competition between retailers.

Finally, the introduction of asymmetric assortments leads
(in the case with three manufacturers and two retailers) to
a decrease in the supply chain efficiency. This is not sur-
prising, because we know from §4 that with three symmet-
ric manufacturers and two symmetric retailers, there is a
precise balance of competition between manufacturers and
retailers that leads to efficiency 1. Introducing asymmetric
assortment breaks this balance by reducing the degree of
competition among retailers, and hence efficiency drops.
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5.3.4. Robustness Checks for the Symmetric Chain
Results. In this section, we check which of the insights
obtained for the symmetric chain hold also for the asym-
metric supply chains we consider.

5.3.4.1. Number of Manufacturers and Retailers.
We consider two cases: one manufacturer and an increas-
ing number of asymmetric retailers, and one retailer and
an increasing number of asymmetric manufacturers. From
our computations we observe that, similar to the symmetric
chain, for the case with a single manufacturer the efficiency
is growing with the number of retailers, and for the case
with a single retailer the efficiency is growing with the
number of manufacturers.

We now describe our experiments in detail. For the
case with one manufacturer and multiple asymmetric retail-
ers, we consider cases with numbers of retailers ranging
between one and eight; with two products, we use the
demand function given in Equation (14) and we set the
manufacturing cost equal to ¢ = (0.1,0.1). For each case
of number of retailers from one to eight, we randomly
generate 10 scenarios corresponding to different asymmet-
ric risk-aversion parameters.'® We observe that the average
efficiency across the 10 scenarios grows with the number
of asymmetric retailers. We performed a similar experiment
with one retailer and an increasing number of asymmetric
manufacturers, and we obtained a similar insight.

5.3.4.2. Retailer Differentiation. In this section, we
show that the result obtained for the symmetric chain with
one product, that the efficiency is unimodal with respect to
the retailer differentiation and has a maximum equal to 1
(Proposition 4.2), is quite robust to the presence of mul-
tiple products and asymmetric manufacturers and retailers.
Specifically, we find that for the symmetric chain with two
products, the efficiency is a unimodal function of retailer
differentiation, and it achieves a maximum of 1. We also
find that for the asymmetric chain, the efficiency is also
a unimodal function of retailer differentiation, although its
maximum may be smaller than one. In the remainder of
this section we give the details of our experiments.

We first consider a symmetric chain with two products,
four manufacturers, and two differentiated retailers with
variable degree of retailer differentiation. We use the fol-
lowing supply chain parameters:'®

1
a/:a:<1>, V], ’T]J=09 V],

0.1 1 0.5
c=c= . Vi, H=H= , Vj, and
0.1 0.5 1

Gu=G=8H, Vjk#],

where 6 ranges from O to 1. Note that when 6 = 1, retailers
are not differentiated, and hence we term v =1 — § the
degree of retailer differentiation. We find that the result we

proved in the case of one product holds for the case with
two products with symmetric retailers and manufacturers.?

We now consider an asymmetric chain. Specifically, we
consider the same chain as described above, but with ran-
domly generated values for the risk-aversion parameter of
each retailer and cost coefficient of each manufacturer.!
We find that although the average efficiency is still concave
and attains a maximum for a certain value of the degree
of retailer differentiation, the maximum efficiency may be
lower than 1 in the asymmetric case. The presence of asym-
metries thus makes it impossible to align total profits of
the equilibrium with profits of the centralized solution by
adjusting the differentiation among the retailers. The rea-
son for this is that manufacturers have asymmetric costs,
and hence in the centralized chain only the cheapest manu-
facturer produces, whereas in the decentralized chain both
manufacturers may produce independently of the degree
of retailer differentiation, leading to inefficiency in profits.
Also, retailers are asymmetric, and hence in the centralized
chain the least risk-averse retailer will distribute more rela-
tive to the decentralized chain independently of the degree
of retailer differentiation, as long as the retailers are not
completely differentiated. As a result of this difference in
the centralized and decentralized optimal solutions, the effi-
ciency is lower than 1 even as its maximum with respect
to retailer differentiation.

5.3.4.3. Product Differentiation. In this section, we
show that the result for the symmetric chain that efficiency
does not depend on product differentiation does not hold
in general for asymmetric chains. Specifically, our numer-
ical experiments show that the efficiency may depend on
product differentiation when manufacturers and/or retailers
are asymmetric. The reason for this is that although in the
symmetric chain all manufacturers produce (and all retail-
ers distribute) each product in the same quantity, this is
not the case in general in the asymmetric chain. Then, the
interaction between product differentiation and the asym-
metric production and distribution schedules results in the
efficiency changing with product differentiation.

To show this result, we consider a supply chain with two
manufacturers, two retailers, two products, and the follow-
ing demand function:

1 1 o q
a,=a= , Vj, H =H= , Vj, an
! 1 ! 5 1

Gu=G=H, Yj k#],

where 8 ranges from O to 1. Note that when 6 = 0 the
products are completely differentiated, and hence 1 — 6 rep-
resents the degree of retailer differentiation. We consider
two cases:

(a) two asymmetric manufacturers (¢, = (0.1,0.3) and
¢, =(0.3,0.1); (that is, the first manufacturer can produce
the first product cheaper, whereas the second manufacturer
can produce the second product cheaper) and two symmet-
ric retailers (1, =1, =0.9), and
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(b) two symmetric manufacturers, ¢, = ¢, = (0.1, 0.3),
and two asymmetric retailers, n;, =1 and n, =0.9.

The first panel in Figure 4 shows the efficiency as a func-
tion of the degree of product differentiation for the case
with asymmetric manufacturers. We find that the efficiency
decreases substantially with product differentiation.?> To
understand this, we note first that, although in the cen-
tralized chain each manufacturer produces only its cheap-
est product, in the decentralized chain this occurs only for
small degrees of product differentiation. Specifically, for
the case without product differentiation (1 — & = 0), the two
products are identical, and each manufacturer in the decen-
tralized chain only produces its cheapest product. Competi-
tion is intense because both products are identical, and this
intense competition leads to a relatively high value of the
efficiency 98.7%. As product differentiation grows, how-
ever, the intensity of competition among the manufacturers
is smaller because the two products are becoming more dif-
ferentiated, while each manufacturer continues to produce
only its cheapest product. This reduced degree of competi-
tion intensifies the double marginalization effect, and hence
the efficiency drops. When the degree of product differen-
tiation is large (1 — & > 0.6), we observe from our results
that the two products are so differentiated that each manu-
facturer in the decentralized chain decides to produce both
products, cheap and expensive. This results in increased
competition, which alleviates double marginalization, but it
also results in manufacturers incurring much higher costs
than in the centralized chain, and hence the efficiency drops
sharply.

The second panel in Figure 4 shows the efficiency as
a function of the degree of product differentiation for the
case with asymmetric retailers. The panel shows that for
this case the efficiency decreases with the degree of product
differentiation. To understand this, we note that in the cen-
tralized setting only the least risk-averse retailer distributes,
and hence the most risk-averse retailer is not affected by
product differentiation because it does not distribute any of
the two products regardless of the degree of product differ-
entiation. However, in the decentralized setting, the most
risk-averse retailer is affected by the degree of product dif-
ferentiation: we observe from our results that when prod-
ucts are identical (without product differentiation), the most
risk-averse retailer only distributes the cheapest product,
but for 1 — 6 > 0.3 the most risk-averse retailers starts dis-
tributing the expensive product too, and as a result the effi-
ciency decreases with the degree of product differentiation.

6. Conclusions

We have shown that the results in Corbett and Karmarkar
(2001) regarding efficiency in a symmetric chain hold also
for the more general case with product and retailer differ-
entiation, stochastic demand, and risk-averse retailers. In
addition, we show how these results can be generalized for
the case when there is retailer differentiation. Specifically,

we find that provided there is a sufficient number of manu-
facturers and retailers, efficiency 1 can always be achieved
in the symmetric chain by changing the degree of retailer
differentiation. In the asymmetric chain, we find that effi-
ciency is also a unimodal function of retailer differentiation,
although its maximum may be smaller than 1. The main
implication of this result is that in a decentralized chain
with a sufficient number of manufacturers and retailers, the
efficiency may be raised by using, for instance, loyalty pro-
grams to manipulate the degree of retailer differentiation.

Retailer risk aversion leads to triple marginalization:
the retailers require a strictly positive margin to under-
take the risk associated with uncertain consumer demand,
even when they are perfectly competitive. We also find that
whereas in symmetric chains the efficiency is independent
of product differentiation and risk aversion, in an asymmet-
ric chain the efficiency may depend on these characteristics.
This is because of the interaction of these characteristics
with the asymmetry of manufacturers and retailers.

Finally, manufacturer and retailer asymmetry lead to
steep declines in efficiency. The reason for this is that
whereas in the centralized supply chain only the cheapest
manufacturers produce and only the least risk-averse retail-
ers distribute, in the centralized chain all manufacturers
produce and all retailers distribute. Moreover, asymmetric
product assortments lead to a decrease in the degree of
competition among the retailers, which can also affect the
supply chain efficiency.

7. Electronic Companion

An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal
.informs.org/.

Endnotes

1. Other papers in the literature study supply chains with
one manufacturer and multiple retailers. Lee and Whang
(2002) study how a secondary market where retailers trade
inventory alters the equilibrium. Li (2002) studies the
incentives for firms to share information vertically. Tyagi
(1999) considers the impact of downstream entry on supply
chain performance.

2. Note, however, that the uncertainty in the retail demand
function does not result in demand-supply mismatches
because the retail price is set to clear the retail market.
We choose to model demand uncertainty in this man-
ner because we focus on how demand uncertainty and
retailer risk aversion affect the equilibrium in the decentral-
ized chain, rather than on inventory management strategies
geared to address demand-supply mismatches.

3. There are a few papers that consider risk aversion in
one-manufacturer-one-retailer supply chains. The seminal
paper by Eeckhoudt et al. (1995) studies the risk-averse
newsboy. Agrawal and Seshadri (2000) extend their frame-
work to include, in addition, pricing decisions. Gan et al.
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(2005) investigate how a supply chain involving a risk-
neutral supplier and a downside-risk-averse retailer can be
coordinated with a supply contract. Van Mieghem (2007)
extends the model to a newsvendor network.

4. Note that Markowitz originally used a mean-variance
utility function, but it is easy to show that there is a one-to-
one correspondence between the mean-standard-deviation
utility and mean-variance utility. To see this, note that it
is easy to show using penalty method theory that the third
term in the mean-standard-deviation utility function (1) can
be replaced by a constraint on the profit standard deviation
(x] (a; — éj.i)o' < 9), for a certain threshold 6. Also, this
constraint is equivalent to the following constraint on the
profit variance (x] (a; — I§j_)?)0')2 < &%

5. We assume in our model that there is no manufac-
turer differentiation, and hence, we also assume that man-
ufacturers compete in quantities because price competition
among manufacturers would lead to a trivial equilibrium
where wholesale prices would be equal to the manufactur-
ing cost of the cheapest manufacturer. Our demand model
allows, however, for retailer differentiation, and hence we
could consider both quantity and price competition among
retailers. We choose to model quantity competing retailers
because we are interested (among others) in the important
particular case where there is no retailer differentiation, and
in this particular case, price competition would lead to a
trivial equilibrium where the utility of every retailer is 0.
Corbett and Karmarkar (2001) also assume quantity com-
petition at all tiers in their model.

6. In the mathematical formulation of the problem, both
the supply quantity y, and the wholesale market price v
appear as optimization variables, but note that only the sup-
ply quantity y; is a free decision of the ith manufacturer.
The wholesale market price is implicitly determined by the
wholesale market clearing constraint in Equation (4), as a
function of the supply quantities y,. Moreover, the exact
same wholesale market clearing condition (4) is imposed
on the decision problems of all manufacturers, and hence
they all face the same wholesale market price.

7. To see this, note that if Bis positive definite, then any of
its diagonal blocks must be positive definite, and hence, H
must be positive definite. Positive definiteness of H implies
that H is positive definite, and hence, B+ H is also positive
definite.

8. Also, this assumption is only needed to show the mono-
tonicity properties of the wholesale market price and the
expected retail market price, whereas all other monotonic-
ity results (including those of the supply chain efficiency)
hold even if this assumption does not hold.

9. Note also that from Part 3 of Proposition 4.2, it is easy
to see that the degree of retailer differentiation v=1—-G
required to achieve efficiency 1 is increasing in the num-
ber of manufacturers and retailers. For fixed number of
manufacturers, it makes sense that the degree of differen-
tiation required to achieve efficiency 1 increases with the
number of retailers, because we have just argued above

that decreasing the number of retailers and increasing
retailer differentiation both have the same effect of reduc-
ing the degree of competition among retailers. For fixed
number of retailers, this result implies that an increased
degree of competition among manufacturers can be com-
pensated, from the efficiency perspective, by increasing
retailer differentiation.

10. Note that 1 depends on the product of the retailer risk
aversion vy and the standard deviation of the demand uncer-
tain factor o, and hence the comparative static analysis
corresponding to y and o are similar. To conserve space,
we only discuss the comparative static analysis with respect
to the retailer risk aversion.

11. The triple marginalization effect also takes place for
other specifications of the uncertainty in the inverse demand
function. For instance, it is easy to see that if the stochas-
ticity in the demand function arises from a multiplicative
shock to the intercept (that is, if p = de — BX), or from the
following additive shock p =a — BX + €e, where e is the
vector of ones, then the effect of stochastic demand and risk
aversion on the equilibrium is also triple marginalization,
except that the new (third) margin arises from a decrease
in the demand function intercept a (that is, from a decrease
in the price consumers are willing to pay for the products if
the supply of every product is zero) rather than an increase
in the manufacturing cost.

12. Note that the assumption that products are perfectly
differentiated is not particularly strong in the context of this
section because we are interested in studying the effect of
risk aversion, in isolation from the effect of product and
retailer differentiation.

13. In this example, products are substitutable; however,
we found similar observations in the case of complemen-
tary products.

14. Note that although every manufacturer produces the
same quantity, this quantity is different in the decentralized
and centralized chains.

15. We also studied the effect of varying C, on the con-
sumer surplus, and we found that the consumer surplus
decreases as C, increases because consumers benefit from
lower production costs at the manufacturer level.

16. We also studied the effect of varying 71, on consumer
surplus, and we found that the consumer surplus increases
as 7, increases because consumers benefit from a a reduced
degree of risk aversion among retailers.

17. Following our discussion in §4.1.2, the reason why the
wholesale price does not change with the introduction of
asymmetric assortment is that the retailers are price tak-
ers with respect to the wholesale market price, and hence
the wholesale market price depends only on the intensity
of competition among the manufacturers and not among
retailers.

18. Specifically, for each scenario we randomly draw the
risk-aversion parameter of each retailer from a uniform dis-
tribution on [0.8, 1].
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19. In this example, products are substitutable; however,
we found similar observations in the case of complemen-
tary products.

20. We have tried several supply chains with different
parameters, and the result holds for all the supply chains
we have tried.

21. We draw the risk-aversion parameter of each retailer
from a uniform distribution on [0.8, 1], and we draw the
unit variable cost for each product and for each manufac-
turer from a uniform distribution on [0, 0.2].

22. We have found in other cases that, depending on the
number of manufacturers and retailers and the supply chain
parameters chosen, the efficiency may increase or decrease
with product differentiation.
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