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A Dynamic Model with Import Quota Constraints

Abstract

The analysis of import quotas is predominantly based on a static model, which is unable to capture
the fact that a quota is imposed over a period of time. This article develops a continuous-time
model that incorporates a more realistic dynamic quota constraint into the workhorse model and
argues many traditional results to no longer be valid. In particular, a country may choose to refrain
from trade in a quota-protected commodity even when its world price is below the domestic price
and the quota is not fully exhausted. Distinct economic behavior prevails depending on whether
the country is importing the protected good, exporting it or refraining from trade in it. The
domestic price of the protected good exceeds the world price in import and no-trade regions, even
when the quota is underutilized — in contrast, the workhorse quota model predicts no economic
effects of a quota unless it is binding. Additional factors underlying the quota-protected economy,
the quota utilization rate to date and the time remaining till the quota horizon, are identified.
Various extensions of the baseline analysis support the robustness of our main conclusions.

JEL Classifications: D51, F13, F30, F40, G12

Keywords: Quota; International Economics and Finance; Asset Pricing; Integral Constraints.



1. Introduction

While tariffs, especially in developed countries, have declined significantly over the past sev-
eral decades, quotas and other nontariff barriers in contrast remain a considerable distortion
on international trade. Deardorff and Stern (1999, Tables 3.1-3.2) report that during 1993 the
United States occurrence across all products, of all nontariff barriers and quotas (as measured
by frequency ratios) were 22.9% and 18.1%, respectively.! These figures were 23.7% and 17.2%,
respectively, for the European Union. Highly protected product groups included food and bev-
erages (frequency ratio 12.1% US; 44.2% EU), textiles and apparel (69.9% US; 76.8% EU), and
basic metal industries (57.1% US; 19% EU). The economic significance of the quota restrictions
in many product categories is also well documented. For example, US International Trade Com-
mission (ITC) (2002, Table 2.1) estimate the tariff equivalents (as percentages of world price) of
the import quotas in the US during 1999 to be 82.7% for sugar, 59% for maritime and 21.4%
for textiles.? The initiation of these US import quotas dates back to 1789 (maritime) till, more

recently, 1957 (apparel and textiles).

An import quota is simply a quantitative restriction on imports over a period of time. That is,
a country lets in an amount of a particular good up to the quota during the period of time, typically
a year, and then prohibits any further quantity from entering. A sizable body of theoretical
and empirical work exists examining the effects of quotas. This work, however, is predominantly
based on a static model which, as argued by empiricists and policymakers, offers some undesirable
implications and may misrepresent the economic significance of quotas. To our knowledge, the
model we develop in this paper is the first to incorporate a more realistic, dynamic quota constraint
into the workhorse model and focus on its economic effects. We will demonstrate that within our
model, the bulk of traditional results is no longer valid, and argue that the alternative modeling

approach we advocate might be a more appropriate benchmark for policy and empirical work.

Our primary goal in this paper is to capture the economic effects of an import quota during
the period of time over which it is imposed.® Since this question certainly cannot be addressed
in a static setup, we depart from the traditional approach to modeling quotas by considering a
dynamic, finite horizon, continuous-time economy. To facilitate comparisons with the workhorse

quota model, we keep the remaining elements as standard as possible. In particular, we consider

!The frequency ratio is the number of product categories subject to the barrier, expressed as a percentage of
the total number of product categories in each Harmonized System product group. There are 99 product groups,
and there are 2 to 98 categories within each group.

2The tariff equivalent of a quota is a tariff that would give rise to the same difference in domestic and world
prices of the product if it were imposed in place of the quota.

3Quotas on exports are relatively rare, and typically only present in developing countries (Remark 2).



a pure-exchange economy with two goods. The first good represents the output of the quota-
protected industry, while the second good represents the remainder of the commodities produced
in the economy. In our setting, the quota constraint manifests itself as an integral constraint.
To highlight the novel effects of our dynamic quota-type constraint, we compare with a country

facing instead a period-by-period constraint, analogous to that in the workhorse model.

Under general price uncertainty and state-independent preferences, our model of a small open
economy shows that the optimal pre-quota-horizon consumption of the protected commodity
falls into three regions, where a quota-constrained country exhibits distinctly different economic
behavior. At high enough world price of the commodity or its current endowment, the country
exports and behaves just like an unconstrained country. However, at low endowment or world
price, it imports the protected commodity and here behaves as if facing an additional “cost” to
importing over and above the unconstrained country. This extra cost depends on the expected
severity of hitting the quota constraint and is stochastic, mathematically being given by the
conditional expectation of the constraint’s Lagrange multiplier. The consequence is to reduce the
country’s level of imports in those states in which it would have imported the most. This extra
cost acts much like a state-dependent tariff: the country has a flexibility to increase its imports in
response to favorable world prices, but may do so only at the additional cost. Furthermore, the
effective nonlinearity in this cost function (since no such cost is applied to exporting) yields an
extended region over which there is insufficient incentive to import or export the quota-protected
commodity and so the country does not trade in it. The domestic price of the protected commodity
responds accordingly: when the quota-constrained country is refraining from trade in or importing
the protected commodity, its domestic price exceeds its world price; otherwise when exporting,

the domestic price equals to that prevailing in the world market.

The consumption behavior above is considerably different from that of a period-by-period
constrained country, which (as in the workhorse model) exhibits only two distinct types of eco-
nomic behavior, one when binding on the constraint for low price of the protected commodity or
its current endowment, and one when not binding. In contrast to the quota-constrained country,
for the period-by-period or unconstrained, no-trade only arises as a knife-edge condition (on the
state price and endowment). To evaluate the conditional expectation of the severity of the quota
constraint, we solve the model numerically. Explicit evaluation yields a natural convexity in this
extra “cost” function and reveals two forms of unusual behavior in the import region’s consump-
tion policy: local concavity as a function of the state price density and, in spite of an Inada
condition on preferences, bounded consumption even when the cost of consumption decreases to

zero. As the direct cost of consumption is decreased, the probability of hitting the import quota



constraint increases causing the extra cost to go up and so reduce imports.

A valuable implication of our work is that within a plausible framework, a quota need not be
fully utilized for it to have economic effects. This is at odds with the standard conclusion of the
workhorse and period-by-period models, as well as their applications, that non-binding quotas do
not introduce any distortion in the economy and hence are harmless to consumers. Moreover,
we identify additional economic factors underlying the quota-constrained economy: the quota
utilization rate to date (or, equivalently, cumulative imports to date) and the time remaining till
the quota horizon. The higher the current utilization rate, the more likely is the constraint to
bind, and so the more costly is further importing. The model also predicts that, all else equal,
the farther away the quota horizon, the more restrictive the quota is. The remaining driving
economic factors in the quota-constrained economy, the current economic conditions, world price
of the protected commodity and the country’s endowment of the commodity, are as in the period-
by-period constrained economy. We empirically investigate the relevance of the new driving factors
and demonstrate that both the utilization rate and time remaining turn out to be economically

and statistically significant, and the signs of the effects are as predicted by our analysis.

Finally, we consider several natural extensions of our baseline analysis of a quota-protected
small open economy: a general equilibrium model accounting for the impact of quotas on the
world economy and two generalizations of the model accounting for spillovers from the protected
industry to other sectors in the economy. We show that our main conclusions continue to hold
in these settings, and the additional implications we obtain are in line with earlier work. For
example, within a general equilibrium world economy consisting of one quota-constrained and one
unconstrained country, under logarithmic preferences, the constrained country becomes wealthier
at the expense of the unconstrained. Moreover, the stock price of the protected industry increases

in the quota-constrained and decreases in the unconstrained country.

The subject of import quotas is, of course, prevalent in the literature on international trade.
The workhorse model, which serves as our benchmark, is widely adopted in modern textbooks,
e.g., Krugman and Obstfeld (2002), Bhagwati, Panagariya and Srinivasan (1998), as well as in
traditional texts, e.g., Helpman and Krugman (1989), Dixit and Norman (1980), and is now
even a part of the introductory microeconomics curriculum, e.g., Parkin (2002). This literature,
however, restricts attention to static models under certainty, ignoring the dynamic nature of quota
restrictions. The standard predictions are that quotas reduce imports and increase the domestic
price of the commodity above the world price when the quota is binding, and have no economic
effects otherwise. Another issue widely investigated in the existing literature is the comparison of

quotas to other trade policy instruments, such as tariffs, export subsidies, etc., and the resulting



implications on welfare. This is not the focus of our analysis. Helpman and Razin (1980), Young
and Anderson (1982) and subsequent developments extend the basic theory to uncertainty and
derive nonlinearity in the price of the imported good depending on whether the quota is binding
or not. These works fall into the same framework as our period-by-period model, where the
economic implications are driven by the separation of the state space into the quota-binding and

quota-not-binding regions, but differ substantially from our dynamically-constrained economy.

A large literature exists on measuring the economic effects of quotas and other nontariff bar-
riers (see Deardorff and Stern (1999), Feenstra (1995), Hufbauer and Elliot (1994), ITC (2002),
Linkins and Arce (2002) and references therein). This measurement necessarily relies on a theo-
retical model, and the textbook model still continues to be the main workhorse. An unfortunate
implication of the model for empirical work and policymakers is that products with unfilled quo-
tas should be omitted from a sample. In a recent study, ITC (2002) contests this implication,
concerned that doing so may misrepresent the economic significance of quotas, and advocates
considering 85% utilized quotas to be binding. Other studies have used an 80% or a 90% thresh-
old; the right threshold remains a subject of an ongoing debate.* Our model offers an alternative
view: all quotas potentially have an economic impact, which may be quantified by examining
the factors discussed earlier. Within duopoly settings, Reitzes’ (1991) analysis of firms’ strategic
R&D and output behavior, and Reitzes and Grawe’s (1994) study of market-share quotas reveal
that non-binding quotas may have economic effects. Also related to our work, is the strand of
literature on quota license pricing under uncertainty in a secondary market for such licenses (An-
derson (1987), Eldor and Marcus (1988), and Krishna and Tan (1996)). These authors recognize
and characterize the option value of a quota license in effect over a period of time, however, there

are some fundamental differences between their modeling approaches and ours (Appendix C).

Our additional cost to imports, reflecting the expected severity of hitting the quota constraint,
resembles (Appendix C) processes arising in the contexts of exchange rate target zones (Krugman
(1991), Cadenillas and Zapatero (1999)) or shipping costs (Dumas (1992)). Our integral constraint
on imports is similar to the liquidity constraint of Detemple and Serrat (2003) — an integral
constraint on net consumption path. Their integral constraint, however, is imposed in expectation,
while ours has to be satisfied path-by-path. Consequently, unlike in their economy, the value of
the multiplier associated with our integral constraint is not revealed till the expiration of the quota
restriction. To our knowledge, the only other work studying an integral-type constraint such as

ours is the continuous-time liquidity model of Wang (2001).> He introduces a cash-in-advance

“See Linkins and Arce (2002) for more on this debate and for references to other studies.
® A somewhat related constraint is considered in a discrete-time model by Bertsimas and Lo (1998). They study



constraint for purchases over a finite period of time, as opposed to at a single point in time as in

the existing literature.

The rest of the article is organized as follows. Section 2 describes the economy, including a
dynamic quota constraint. Section 3 solves for domestic equilibrium in a quota-protected small
open economy, and Section 4 extends our analysis to general equilibrium, as well as to the case
of the quota-protected industry constituting a large fraction of the domestic economy and to the
case of non-separable preferences. Section 5 concludes, Appendix A provides all proofs, Appendix
B the procedure employed in the numerical analysis, and Appendix C some empirical analysis

supporting our implications.

2. The Economic Setting

2.1. The Economy

We consider a finite-horizon, [0, 7], pure-exchange economy with two goods. The first good repre-
sents the output of the quota-protected industry, while the second good represents the remaining
commodities in the economy and serves as the numeraire. A symbol with an asterisk (*) denotes
a quantity related to the second good, henceforth the composite good. There are two countries
comprising the world economy: an import quota-constrained country ) and a normal uncon-
strained country N. We first treat country @ as a small open economy so as to concentrate on the
domestic effects of the quota protection policy (Section 3), and then study general equilibrium

effects of quotas by assuming that country @ is large enough to affect world prices (Section 4).

Uncertainty in the economy is represented by a filtered probability space (2, F, {F;}, P), on
which is defined a four-dimensional Brownian motion w(t) = (w1 (t),...,ws(t))", t € [0,T]. All
stochastic processes are assumed adapted to {Fy;t € [0,7]}, the augmented filtration generated
by w. All stated (in)equalities involving random variables hold P-almost surely. In what follows,
given our focus is on characterization, we assume all processes introduced to be well-defined,

without explicitly stating the regularity conditions ensuring this.

In each country, goods are produced by two representative firms: one producing the quota-
protected good and the other the composite good. The production process of each industry is
modeled as a Lucas (1978) tree, where the strictly positive flows of output (g;, €}), with support

(0, 00), are specified exogenously, satisfying the dynamics:

the optimal policies of trading a large block of securities within a fixed period in a market microstructure framework.



dei(t) = ei(t)[pe, (t) dt + og, (1) dw(t)], i€ {N, Q}, (quota-protected good)

dei(t) = ef(t)[ps, (t)dt +of (t)dw(t)], i€ {N, Q}, (composite good)
where (pie,, pf,), 0e; = (05 - ,052.4)T, ol = (05;1 e ,05;4)T are adapted stochastic processes.

The price of the quota-protected good (in term of the composite good), p, prevailing in markets

with no restrictions will be shown in equilibrium to have dynamics

dp(t) = p(t)[pp(t) dt + op(t) dw(t)],

where 11, and o), are possibly path-dependent, while that faced by country () consumers, p, (which

may differ from p due to import restrictions), to have dynamics
dpq(t) = po(t)[ipg (t) di + opg (1) dw(t)].

Investment opportunities are represented by five securities; an instantaneously riskless bond,
B, in zero net supply, and two risky stocks, S; and S}, of the representative firms located in
each country N and (), in unit net supply. Stocks Sy and S, are claims to the output of the
quota-protected industry in countries N and @, ey and gq, respectively. S} and S7, are claims to

et, and £, respectively. The bond price and stock prices are posited to follow
dB(t) = B(t)r(t)dt
dSu(t) + p(B)en(t)dt = Su(t)ln ()t + on (Hdw(D)], (1)
dSq(t) + po(t)eq(t)dt = So(t)[nq(t)dt + oo(t)dw(t)], (2)
dSi(t) +ei(t)dt = S (O)[w; (t)dt + o7 (t)dw(t)], ie{N, Q},

where the interest rate r, drift coefficients p = (uy, fo, Wi, MZ})T and volatilities 0 = {05, ol 1 €
{N, Q}, j =1,...,4}, are possibly path-dependent. Note that due to imperfections in the market
for the quota-protected commodity, the stock price dynamics of protected industries are location-
specific: output in country @ is valued at the country-@) specific price p, (equation (1)), while
that in country N valued at price p (equation (2)). The posited dynamic market completeness
implies the existence of a unique state price density process, £*, consistent with no-arbitrage,

given by
de*(t) = =€ (1)[r(t)dt + 0(t) " dw(t)] ,

where 0(t) = o(t) 1 (u(t) —r(¢)1) is the market price of risk (or the Sharpe ratio) process, and 1 =
(1,...,1)T. The quantity £*(¢,w) is interpreted as the Arrow-Debreu price per unit probability P



of one unit of the composite good in state w € € at time ¢t. The state-price densities associated
with the quota-protected good would simply be given by &,(t) = £*(t) po(t) (prevailing in country
Q) and £(t) = £*(t) p(t) (prevailing outside country Q).

The representative consumer-investor of each country ¢ is endowed at time 0 with the total
supply of the stock market located in country ¢, providing him with the initial financial wealth
W;(0) = S;(0) + SF(0). The stocks’ payoffs can then be interpreted as the consumer’s endow-
ment stream consisting of ¢; units of the quota-protected and €] units of the composite goods.
Additionally, the consumer in country () receives a quota revenue transfer process d, from his
government (described in Section 3.1).% Since financial markets are complete, this transfer process
is spanned by traded securities. (Since our focus until Section 4 is on the small open economy
@, we drop for now the subscript i.) Each consumer chooses a nonnegative consumption process
¢, and a portfolio process m, where m(t) = (my(t), mo(t), 75 (t), 75(t))" denotes the vector of

amounts invested in each stock. The consumer’s financial wealth process W then follows
dW (t) = W () r(t) dt — (pa(t) e(t) + ¢ (t) = So(t))dt + m(t) " [u(t) = r()D)] dt + m(t) " o(t) duw(t),

with W(T') > 0. To isolate the effects of the quota protection of a particular industry, and ab-
stract away from the spillover effects through the consumer demand, we assume that consumer
preferences are separable across goods. (The case of nonseparable preferences is considered in Sec-
tion 4.3.) In particular, we assume that each individual derives time-additive, state-independent
utility u(c) + v(c*) from intertemporal consumption in [0,7]. The functions u(-) and v(:) are
assumed twice continuously differentiable, strictly increasing, strictly concave, and to satisfy

lim, 0/ (z) = 00, lim,_o v'(z) = 00, limy— oo /() = 0 and lim,_,o v'(z) = 0.
2.2. Modeling Import Quotas

A country’s import of a commodity at time ¢ is defined as any excess consumption over its current
endowment of that commodity, (c(t) — (¢))", where 2t = max{0, x} denotes the positive part

of . (Analogously, exports would be defined as (e(t) — ¢(¢))".)

Our concern here is to model a quota constraint, where a country’s cumulative imports of the
first good during some period of time are restricted not to exceed an amount K. Specifically, we

focus on the following constraint
T
JRCCEEONESS 3)
0

SConsistent with the literature (e.g., Helpman and Razin (1980)), we assume that the governing body of the
quota constrained country auctions off rights to import and distributes the proceeds to the consumer. Alternatively,
one can assume that the governing body assigns rights to export to a number of foreign firms — then the quota
rents are captured by the exporting firms.




which must hold almost surely along each path. So in our continuous-time setting a quota-type
constraint manifests itself as an integral constraint. We assume the constraint is applied on
imports rather than net imports, meaning past or future exports are not allowed to offset current

imports. Note that, since the integrand in (3) is nonnegative, this constraint automatically implies
t
/ (c(s) —e(s))ds < K,  Vte[0,T].
0

Hence, one can alternatively think of an agent checking continuously that he has not yet exceeded
his quota constraint for the full quota period [0, T|. For comparison, and to highlight the properties
unique to a quota-type constraint, we will also consider a country P with a period-by-period

import constraint, along the lines of the workhorse model, i.e.,
(c(t) —et)" <k, tel0,T]. (4)

For k = K/T, this constraint implies the quota constraint (3), but not vice versa. Hence, the
quota constraint can be thought of as a “softer” version of import constraint. The constraint
is faced by the country as a whole; domestic consumers do not explicitly account for it in their
optimization. Through the effect of the constraint on domestic prices, however, consumers’ choices

will be indirectly affected by the quota.

3. Small Open Economy with Import Quota Constraint

In this section, we treat the import-constrained country as a small open economy. We characterize
the optimal consumption and domestic prices in the quota-constrained country ) and compare

with the period-by-period constrained country P and the unconstrained country N.

3.1. Country’s and Domestic Consumer’s Problems

The open economy @ (or P) has unrestricted access to world capital markets, however it is
too small for its investment decisions to affect valuations in the world market, £*, or for its
choice of consumption to affect the world prices of the quota-protected good, & or p. Hence,
throughout this section we treat £* and £ (or p) as exogenously specified state variables. The
role of import quotas is to shield domestic owners/producers of the protected good from low
world prices by restricting the supply of the good, thereby increasing its domestic price p, (and
hence &;,) above p (£) in some states of the world. To solve for domestic prices and allocations
prevailing in the domestic equilibrium of a quota-constrained economy, we follow the usual steps in

the international trade literature (e.g., Dixit and Norman (1980), Young and Anderson (1982)).



We first consider the choice of a benevolent agent acting in the interest of the whole country,
henceforth referred to as the country. The agent determines optimal levels of consumption in
the country, taking into account the import quota constraint, and collects and distributes any
revenues raised by auctioning off rights to import the protected good. We then use the optimal
consumption allocations to identify the domestic prices faced by consumers in the decentralized

domestic economy.

The country auctions off rights to firms for importing the quota-protected good. With domestic
prices higher than world prices, the firms benefit from importing the good to country Q. Their
revenue per unit imported is py(t) — p(t) > 0. This market is competitive with free entry and
firms make zero profits in each time and state (¢, w), hence the price of a right to import a unit
of the quota-protected good over the next instant is py () — p(t). The revenue raised by sales of

these rights is then given by

0 (t) = (pa(t) — p(t))(c(t) —&(t)) - ()

This revenue is positive only in those states of the world where the domestic price of the quota-
protected good is higher than the world price and the domestic demand for imports is positive;

in the remainder of the states the revenue is zero.

The country’s total wealth at time 0 is equal to the initial financial wealth of the consumers
plus the revenue due to the rights sales. Under dynamic market completeness, we can then restate
the dynamic budget constraint faced by the country in its static Arrow-Debreu form: the present

value of the country’s consumption expenditures cannot exceed its total wealth

E[ [ ey + €0 @lat| < W)+ B | [ €0 (alt) ~ p)elt) — )| . 6)
0 0

where we have substituted £,(t) = £*(t) po(t). The second term on the right-hand side is the
present value of license revenues (5). In addition to the budget constraint, the country has to
take into account the quota constraint in its optimization. The problem of the country, using
the martingale representation approach (Cox and Huang (1989), Karatzas, Lehoczky and Shreve
(1987)), can be restated as the following static variational one:

max E [ / *fule®) + v (@) dt (7)
0

c, c*

subject to  (3) and (6) for the quota-constrained country @,

or (4) and (6) for the period-by-period constrained country P .



The solutions to these problems are reported in Sections 3.2-3.3.

The final ingredient of the model is the domestic consumer. By solving for prices that he faces
in the domestic equilibrium with transfers, we complete the analysis of the small open economy.

The problem of the consumer in country @) can be cast as the following static variational one:

wax 8| [ fu(e(®) + o' () dt]

T
subject to E /0 [Eo(t) c(t) + &5 (t)c™(t)] dt

<W(0)+E

T
/0 £ (1) bq(t) dt] ,

where we have substituted £,(t) = £*(¢) po(t). The second term on the right-hand side is the

present value of (lump-sum) transfers to the consumer. The solution to this problem is given by

co(t) = I(yaSa(t)), co(t) = I" (4ol (1)), (8)

where I(-), I*(-) are the inverse functions of u/(-), v/(-), respectively, and y, > 0 solves

E [ / T[€Q<t) co(t; Yo) + & ()i (t; yQ)}dt] =W(0O)+E / Tg*(t) 5Q(t)dt] . (9)
0 0

The optimal policies of the consumer in the period-by-period constrained country P are given by

the same expressions up to the obvious replacement of the subscript Q by P.

3.2. Period-By-Period Constrained Country’s Equilibrium

Proposition 1 characterizes the optimal solution to the period-by-period constrained country’s

problem, assuming it exists.

Proposition 1. The optimal consumption of the period-by-period constrained country, for te€
[0,T], is
e(t)+k if &(t) < yu'(e(t)+k)  (binding),

CP(t) = (10)
I(y&t))  if Su/(e(t) +k) &) (not binding)

cp(t) = I'(y€ (1), (11)

T

T
where y > 0 solves E [/0 [E(t) cp(t; y) + E5(L) (5 y)] dt] =F [/0 [E(t)e(t) + &7 (t) ™ (2)] dt| .

Moreover, y < yy, where yy is the analogous constant for an unconstrained country with the same

endowment process (€, €*).

10
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At each time t, there are two regions of country P’s consumption behavior: a region where it is
unconstrained, and a region where it binds on the constraint and so imports the maximum amount
of the quota-protected good allowable. While an unconstrained country’s optimal consumption,
I(yy&(t)), depends on the world state prices associated with the quota-protected good ¢ alone,
country P’s consumption is driven both by the state prices and its current endowment e(t).
Figure 1 depicts the country’s optimal consumption of the protected good. For low enough
quota-protected commodity price or endowment, the country is binding on the import constraint;

for high enough state price density or endowment, it is unconstrained.

clt) c(t)

£(1) e(t)

Figure 1: Country P’s optimal consumption of the quota-protected commodity versus
concurrent world state price density associated with the quota-protected good, &, and en-
dowment of the quota-protected good, €. The dotted plot is for the unconstrained normal
country N.

Given the optimal allocations determined at the country level in Proposition 1, we can infer
the price of the quota-protected commodity faced by the P-country’s consumers, consistent with

domestic market clearing.

Proposition 2. The state-price density associated with the quota-protected good in the period-by-

period constrained country prevailing in the domestic market equilibrium, at time t€[0,T], is

enlt) = L)+ k) if @) <id(e(t)+k)  (binding), "
§(t) if Lu/(e(t)+k) <E(t)  (not binding),

where y > 0 solves (12). Consequently, {p(t) > £(t) in the binding region, £p(t) = £(t) otherwise.

Consistent with the existing literature on import quotas, when the period-by-period constraint

is binding, the domestic state price density of the quota-protected commodity (and hence its price

11



pp(t)) is higher than its world price. The domestic price has to exceed the world price because
otherwise there would be excess demand for the quota-protected commodity in the domestic
market and hence the small open economy P cannot be in equilibrium. In the states of the world

where the constraint is not binding, there is no effect of quotas on domestic prices in country P.

3.3. Quota Constrained Country’s Equilibrium

Before characterizing the optimal time-t consumption of the quota-constrained country @, we

consider its consumption at time 7" in order to highlight similarities with the period-by-period
7

constrained case. Under further regularity conditions on the optimal consumption process,’ we
may derive the optimal time-T" consumption as:
e(T)+X(T) if &T) < d(e(T)+ X(T) (binding)
co(T) = ! < ) (14)

I(y&(T)) if Lu/(s(7)+ X(T)) <&T)  (not binding),
o(T) = I"(y&" (1)),

where X (t) = [¢(c(s) — (s))Tds denotes the past cumulative imports of the quota-protected
good at time ¢ and X (T') denotes the time derivative of X (T') given by lim,_7(K — X (t))/(T —1t)
in the quota binding region. The terminal consumption of the quota-protected country behaves

similarly to that of the period-by-period constrained.

Figure 2 depicts the optimal terminal consumption of the quota-protected country, seen to
resemble the plots in Figure 1. For high enough state price density or terminal endowment it is
unconstrained and behaves like a normal country N. At a lower state price density or endowment
the country hits its constraint and imports the remaining amount allowed. Whereas in country
P the maximal amount allowed is the constant k, in country @ it is equal to the quantity D'e (1),
which can be approximated by (K — X (¢))/(T —t). Hence, unlike that of country P, the terminal
consumption of the quota-constrained country depends not only on the terminal state price density
and endowment, but also on an extra variable, the past cumulative imports, X (t), lending a path-

dependence to the terminal consumption.

"In particular, we require that ¢ belongs to the class of left-continuous processes on [0,T]. Then the first order
condition with respect to ¢(t), holding a.s.-for-Lebesque-almost-every ¢ € [0, 7], becomes valid in a stronger sense,
a.s. for all ¢, including ¢ = T. This regularity condition is natural and not